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Abstract. Using the thermodynamics formalism, we introduce 
a notion of intersection for convex Anosov representations, show 
analyticity results for the intersection and the entropy, and rigidity 
results for the intersection. We use the renormalizcd intersection 
to produce a Out(T)-invariant Riemannian metric on the smooth 
points of the deformation space of convex, irreducible represen- 
tations of a word hyperbolic group T into SL m (IR) whose Zariski 
closure contains a generic element. In particular, we produce map- 
ping class group invariant Riemannian metrics on Hitchin compo- 
nents which restrict to the Weil-Petersson metric on the Fuchsian 
loci. Moreover, we produce Out(r)-invariant metrics on deforma- 
tion spaces of convex cocompact representations into PS 1.2(C) and 
show that the Hausdorff dimension of the limit set varies analyt- 
ically over analytic families of convex cocompact representations 
into any rank 1 semi-simple Lie group. 



1. Introduction 

In this paper we produce a mapping class group invariant Riemann- 
ian metric on a Hitchin component of the character variety of reductive 
representations of a closed surface group into SL m (IR) whose restriction 
to the Fuchsian locus is a multiple of the Weil-Petersson metric. More 
generally, we produce a Out(T)-invariant Riemannian metric on the 
smooth points of the deformation space of convex, irreducible repre- 
sentations of a word hyperbolic group T into SL m (IR) whose Zariski 
closure contains a generic element. We use Plucker representations to 
produce metrics on deformation spaces of convex cocompact represen- 
tations into PSI_2(C) and on the smooth points of deformation spaces 
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of Anosov, Zariski dense representations into an arbitrary semi-simple 
Lie groups. 

Our metric is produced using the thermodynamic formalism devel- 
oped by Bowen [12, 13], Parry-Pollicott [44], Ruelle [49] and others. It 
generalizes earlier work done in the Fuchsian and quasifuchsian cases 
by McMullen [42] and Bridgeman [9]. In order to utilize the thermo- 
dynamic formalism, we associate a natural flow U p r to any convex, 
Anosov representation p and show that it is topologically transitive 
metric Anosov and is a Holder reparameterization of the geodesic flow 
of T as defined by Gromov. We then see that entropy varies ana- 
lytically over any smooth analytic family of convex, Anosov homomor- 
phisms of T into SL m (K). As a consequence, again using the Pliicker 
embedding, we see that the Hausdorff dimension of the limit set varies 
analytically over analytic families of convex cocompact representations 
into a rank one semi-simple Lie group. We also introduce a renormal- 
ized intersection J on the space of convex, Anosov representations. Our 
metric is given by the Hessian of this renormalised intersection J. 

We now introduce the notation necessary to give more careful state- 
ments of our results. Let T be a word hyperbolic group with Gromov 
boundary d^T. A representation p : T — > SL m (M) is said to be convex 
if there exist continuous p-equivariant maps £ : d^T — > RP(m) and 
9 : dooT — > RP(m)* such that if x and y are distinct points in d^T, 
then 

£(x)®9(y) = R m 

(where we identify PJP(m)* with the Grassmanian of (m— l)-dimensional 
vector subspaces of R m ). 

We shall specialize to convex Anosov representation, see section 2.1 
for a careful definition. For a convex, Anosov representation, the image 
of every element is proximal, i.e. its action on PJP(m) has an attracting 
fixed point. Loosely speaking a representation is convex Anosov if the 
proximality "spreads uniformly". In particular, by Guichard-Wienhard 
[24, Proposition 4.10], every irreducible convex representation is convex 
Anosov. 

If p is a convex Anosov representation, we can associate to every 
conjugacy class [7] in T its spectral radius A(j)(p). The collection of 
these radii form the radius spectrum of p. For every positive real number 
T we define 

R T (p) = {[ 1 ]\\og(A( 1 )(p))^T}. 
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We will see that Rt(p) is finite (Proposition 2.8). We also define the 
entropy of a representation by 

h(p)= lim IlogtK^p)). 

T— >oo 1 

If po and pi are two convex Anosov representations, we define their 
intersection 



I(p ,Pi) = hm 



1 



log(A( 7 )(pi)) \ 



^^(^(Po)) [7]6 ^ o) log(A(7)(Po))y 
We also define the renormalised intersection as 

J(P0,Pl) = 7^ I(P0,Pl)- 

We prove, see Theorem 1.3, that all these quantities are well defined and 
obtain the following inequality and rigidity result for the renormalised 
intersection. Let 7r m : SL m (IR) — > PSL m (M) be the projection map. 

Theorem 1.1. [Intersection] If T is a word hyperbolic group and 
Pi : T — >• SL mi (R) and p 2 : T — > SL m2 (IR) are convex Anosov represen- 
tations, then 

J(Pi,P2) > 1. 

Moreover, if 3(p 1 ,p 2 ) = 1 and the Zariski closures Gi and G 2 of p 1 (T) 
and p 2 (r) are connected, irreducible and simple, then there exists a 
group isomorphism 

g : 7r mi (Gi) 7r m2 (G 2 ) 

such that 

7T mi O p x = g O 7T m2 O p 2 . 

We also establish a spectral rigidity result. If p : V — > SL m (R) is 
convex Anosov and 7 G T, then let L(7)(p) denote the eigenvalue of 
maximal absolute value of p(7), so 

A(7)(P) = |L( 7 )(P)|. 

Theorem 1.2. [Spectral rigidity] Let T be a word hyperbolic group 
and let pi : Y — > SL m (M) and p 2 : T — > SL m (R) be convex Anosov 
representations with limit maps £1 and £ 2 such that 



L(7)(p0 = L( 7 )(p 



2, 



/or every 7 m T. T/ien there exists g G GL m (R) such that g£i = ^ 2 . 
Moreover, if p 1 is irreducible, then gp\g~ x = p 2 . 
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We now introduce the deformation spaces which occur in our work. 
In section 4, we will see that each of these deformation spaces is a 
real analytic manifold. Let us introduce some terminology. Recall 
first that a representation is reductive if it can be written as a sum of 
irreducible representations. If G is a reductive subgroup of SL m (R), 
we say that an element of G is generic if its centralizer is a maximal 
torus in G. For example, an element of SL m (R) is generic if and only 
if it is diagonalizable over C with distinct eigenvalues. We say that 
a representation p : T — > G is G-generic if the Zariski closure of p(T) 
contains a generic element of G. Finally, we say that p £ Hom(r, G) is 
regular if it is a smooth point of the algebraic variety Hom(r, G). 

• Let C(T,m) denote the space of (conjugacy classes of) regular, 
irreducible, convex representations of T into SL m (R). 

• Let C g (T,G) C C(T,m) denote the space of G-generic, regular, 
irreducible, convex representations. 

We show that the entropy and the renormalised intersection vary 
analytically over our deformation spaces. Moreover, we obtain ana- 
lyticity on analytic families of convex Anosov homorphisms. An ana- 
lytic family of convex Anosov homomorphisms is a continuous map 
(3 : M — y Hom(r, SL m (M)) such that M is an analytic manifold, 
fim = @{m) is convex Anosov for all m £ M, and m — > m ('y) is 
an analytic map of M into SL m (R) for all 7 £ T. 

Theorem 1.3. [Analyticity] If T is a word hyperbolic group, then 
the entropy h and the renormalised intersection J are well-defined pos- 
itive, Out(T) -invariant analytic functions on the spaces C(T,m) and 
C(T,m) x C(T,m) respectively. More generally, they are analytic func- 
tions on any analytic family of convex Anosov homomorphisms. 

Moreover, let 7 : (—1, 1) — > C(T,m) be any analytic path with values 
in the deformation space, let J 7 (t) = J(7(0),7(t)) then 



d 
df 



d 



, 2 

J 7 = and 

dt 2 



J 7 ^ 0. (1) 

=0 



Theorem 1.3 allows us to define a non-negative analytic 2-tensor 
on C 9 (r,G). The pressure form is defined to be the Hessian of the 
restriction of the renormalised intersection J. Our main result is the 
following. 

Theorem 1.4. [Pressure metric] Let T be a word hyperbolic group 
and let G be a reductive subgroup o/SL m (IR). The pressure form is an 
analytic Out(r) -invariant Riemannian metric on C g (T, G). 

If S is a closed, connected, orientable, hyperbolic surface, Hitchin 
[28] exhibited a component l-L m (S) of Hom(7r 1 (S'), PSL m (IR)/PGL ?1 
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now called the Hitchin component, which is an analytic manifold dif- 
feomorphic to a ball. Each Hitchin component contains a Fuchsian 
locus which consists of representations obtained by composing Fuch- 
sian representations of tti(S) into PSL 2 (M) with the irreducible repre- 
sentation r m : PSL 2 (M) — > PSL m (K). The representations in a Hitchin 
component are called Hitchin representations and can be lifted to rep- 
resentations into SL m (R). Labourie [32] showed that lifts of Hitchin 
representations are convex, Anosov and SL m (R)-generic. In particular, 
if pi : 7Tx(S) — > PSL m (R) are Hitchin representations, then one can 
define h(pi), I(pi,p 2 ) and J(pi,p 2 ) just as for convex Anosov represen- 
tations. 

Guichard has recently announced a classification of the possible Zariski 
closures of Hitchin representations, see Section 12.3 for a statement. As 
a corollary of Theorem 1.1 and Guichard's work we obtain a stronger 
rigidity result for Hitchin representations. 

Corollary 1.5. [Hitchin rigidity] Let S be a closed, orientable sur- 
face and let pi £ H mi (S) and p 2 £ % m2 (S) be two Hitchin representa- 
tions such that 

J(Pl,P2) = 1- 

Then, 

• either m x = m 2 and p 1 = p 2 in % mi (S), 

• or there exists an element p of the Teichmuller space T(S) so 
that p x = r mi (p) and p 2 = r m , 2 (p) . 

In section 12.4 we use work of Benoist [5, 6] to obtain a similar rigidity 
result for Benoist representations. We recall that Benoist representa- 
tions arise as monodromies of strictly convex projective structures on 
compact manifolds with word hyperbolic fundamental group. 

Each Hitchin component lifts to a component of C g (7Ti(S), m). As a 
corollary of Theorem 1 .4 and work of Wolpert [56] we obtain: 

Corollary 1.6. [HlTCHIN COMPONENT] The pressure form on the 
Hitchin component is an an analytic Riemannian metric which is in- 
variant under the mapping class group and restricts to the Weil-Peter- 
sson metric on the Fuchsian locus. 

Li [37] has used the work of Loftin [39] and Labourie [34] to exhibit 
a metric on H^S), which she calls the Loftin metric, which is invariant 
with respect to the mapping class group, restricts to a multiple of the 
Weil-Petersson metric on the Fuchsian locus and such that the Fuchsian 
locus is totally geodesic. She further shows that a metric on Ti^S) 
constructed earlier by Darvishzadeh and Goldman [21] restricts to a 
multiple of the Weil-Petersson metric on the Fuchsian locus. 
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If r is a word hyperbolic group, we let C C (T, PSI_2(C)) denote the 
space of (conjugacy classes of) convex cocompact representations of T 
into PSL 2 (C). In Section 3 we produce a representation, called the 
Plucker representation, a : PSL 2 (C) — > SL m (M) (for some m), so that 
if p G C C (T, PSL2(C)), then a op is convex Anosov. The deformation 
space C c (r, PSI_2(C)) is an analytic manifold and we may define a renor- 
malised intersection J and thus a pressure form on C c (r, PSI_2(C)). The 
following corollary is a direct generalization of Bridgeman's pressure 
metric on quasifuchsian space (see [9]). 

Corollary 1.7. [Kleinian groups] Let T be a torsion- free word hy- 
perbolic group. The pressure form gives rise to a Out(r) -invariant 
metric on the analytic manifold C C (T, PSL 2 (C)) which is Riemannian 
on the open subset consisting of Zariski dense representations . More- 
over, 

(1) IfT does not have a finite index subgroup which is either a free 
group or a surface group, then the metric is Riemannian at all 
points in C C (T, PSI_2(C)). 

(2) IfT is the fundamental group of a closed, connected, orientable 
surface, then the metric is Riemannian off of the Fuchsian lo- 
cus in C c (r, PSL 2 (C)) and restricts to a multiple of the Weil- 
Petersson metric on the Fuchsian locus. 

If G is a rank one semi-simple Lie group, then work of Patterson [45], 
Sullivan [54], Yue [57] and Corlette-Iozzi [17] shows that the entropy of 
a convex cocompact representation p : T — > G agrees with the Hausdorff 
dimension of the limit set of p(r). We may then apply Theorem 1.3 and 
the Plucker representation to conclude that that the Hausdorff dimen- 
sion of the limit set varies analytically over analytic families of convex 
cocompact representations into rank one semi-simple Lie groups. 

Corollary 1.8. [Analyticity of Hausdorff Dimension] If T is a 
finitely generated group and G is a rank one semi-simple Lie group, then 
the Hausdorff dimension of the limit set varies analytically on any ana- 
lytic family of convex cocompact representations ofT into G. In partic- 
ular, the Hausdorff dimension varies analytically over C C (T, PSL 2 (C)) 

One may further generalize our construction into the setting of virtu- 
ally Zariski dense Anosov representations into an arbitrary semi-simple 
Lie group G. A representation p : T — > G is virtually Zariski dense if 
the Zariski closure of p(T) is a finite index subgroup of G. If T is a word 
hyperbolic group, G is a semi-simple Lie group with finite center and 
P is a non-degenerate parabolic subgroup, then we let Z(T; G, P) de- 
note the space of (conjugacy classes of) regular virtually Zariski dense 
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(G, P)-Anosov representations of T into G. The space Z(T; G, P) is an 
analytic orbifold, see Proposition 4.3, and we can again use a Pliicker 
representation to define a pressure metric on Z(T; G, P). If G is con- 
nected, then Z(T; G, P) is an analytic manifold. 

Corollary 1.9. [Anosov representations] Suppose that T is a 
word hyperbolic group, G is a semi simple Lie group with finite cen- 
ter and P is a non- degenerate parabolic subgroup of G. There ex- 
ists an Out(r) -invariant analytic Riemannian metric on the orbifold 
Z(r;G,P). 

A key tool in our proof is the introduction of a metric Anosov flow 
U p r associated to a convex Anosov representation p. This flow seems 
likely to be of independent interest. Let p : Y — > SL m (R) be a convex 
Anosov representation with limit maps £ and 9. Let F be the be the 
total space of the principal IR-bundle over RP(m) x IRP(m)* whose fiber 
at the point (x,y) is the space of metrics on the line There is a 

natural R-action on F which takes a metric u on x to the metric e~ l u. 
Let F p be R-principal bundle over 

dooT {2) = d^T x d^T \{(x,x) \xE d^T}. 

which is the pull back of F by (£, 9). The IR-action on F gives rise to a 
flow on F p . We now relate all this data to the Gromov geodesic flow DqT 
of T introduced and discussed in [22, 15, 43] and prove a hyperbolicity 
property for the corresponding flow. 

Theorem 1.10. [geodesic flow] The action ofT on F p is proper and 
cocompact. Moreover, the R action on U p r = F p /Y is a topologically 
transitive metric Anosov flow which is Holder orbit equivalent to the 
geodesic flow UoT. 

Theorem 1.10 allows us to make use of the thermodynamic formal- 
ism. We show that if f p is the Holder function regulating the change of 
speed of U p r and U r, then $ p = —h(p)f p is a pressure zero function 
on Uor. Therefore, we get a mapping 

X : c(r,m) "H(U r), 

called the thermodynamic mapping, from C(T, m) into the space T-L(\JoT) 
of Livsic cohomology classes of pressure zero Holder functions on Uor. 
Given any [p] G C(T,m), there exists an open neighborhood U of [p] 
and a lift of %\u to an analytic map of U into the space P(Uor) of 
pressure zero Holder functions on Uor. Our pressure form is obtained 
as a pullback of the pressure 2-tensor on V^qT) with respect to this 
lift. 
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Remarks and references: Convex representations were introduced 
by Sambarino in his thesis [50] and are a natural generalization of the 
hyperconvex representations studied by Labourie [32]. Labourie [32] 
and Guichard [23] showed that a representation of a closed surface 
group into SL m (M) is hyperconvex if and only if it lies in the Hitchin 
component. Anosov representations were introduced by Labourie [32] 
and studied extensively by Guichard and Wienhard [24]. 

Pollicott and Sharp [46] applied the thermodynamic formalism and 
work of Dreyer [20] to show that a closely related entropy gives rise to 
an analytic function on any Hitchin component. Sambarino [52] also 
studied continuity properties of several related entropies. 

McMullen [42] gave a pressure metric formulation of the Weil-Petersson 
metric on Teichmiiller space, building on work of Bridgeman and Taylor 
[10]. Bridgeman [9] developed a pressure metric on quasifuchsian space 
which restricts to the Weil-Petersson metric on the Fuchsian locus. 
Our Theorem 1.4 is a natural generalization of Bridgeman's work into 
the setting of convex, Anosov representations, while Corollary 1.7 is a 
generalization into the setting of general deformation spaces of convex 
cocompact representations into PSL 2 (C). 

Corollary 1.8 was established by Ruelle [48] for quasifuchsian repre- 
sentations, i.e. when T = ni(S) and G = PSI_2(C), and by Anderson 
and Rocha [2] for function groups, i.e. when T is a free product of 
surface groups and free groups and G = PSL 2 (C)). Previous work of 
Tapie [55] implies that the Hausdorff dimension of the limit set is a C 1 
function on C C (T, G). 

Coornaert-Papadoapoulos [16] showed that if Y is word hyperbolic, 
then there is a symbolic coding of its geodesic flow UoP. However, this 
coding is not necessarily one-to-one on a large enough set to apply the 
thermodynamic formalism. Therefore, word hyperbolic groups admit- 
ting a convex Anosov representations represent an interesting class of 
groups from the point of view of symbolic dynamics. 

The geodesic flow (Theorem 1.10) of an irreducible convex represen- 
tation was first studied by Sambarino [51] for V = 7Ti(M) where M is 
closed and negatively curved. 

Acknowledgements: We thank Bill Goldman, Alex Lubotzky, Frangois 
Ledrappier, Olivier Guichard, Frederic Paulin, Hans-Henrik Rugh, Ralf 
Spatzier and Amie Wilkinson for helpful discussions. This research was 
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2. Convex and Anosov representations 

In this section we recall the definition of convex representations, due 
to Sambarino [51], and explain their relationship with Anosov represen- 
tations, which were introduced by Labourie [32] and further developed 
by Guichard-Wienhard [24] 

2.1. Convex Anosov representations. We begin by defining convex 
Anosov representations and developing their basic properties. 

Definition 2.1. Let T be a word hyperbolic group and p be a represen- 
tation ofT in SL m (M). We say p is convex if there exist p-equivariant 
continuous maps £ : d^T — > RP(m) and 9 : d^T — > RP(m)* such that 
if x ^ y, then 

£(x) © 9(y) = R m . 

Convention: We will constantly identify RP(m)* with the Grassman- 
nian Gr m _i(R m ) of (m— l)-dimensional subspaces of R m , via if y ker ip. 
The action of SL m (M) on PJP(m)* consistent wth this identification is 

g-ip = ipog- 1 . 

We will also assume throughout this paper that our word hyperbolic 
group does not have a finite index cyclic subgroup. Since all the word 
hyperbolic groups we study are linear, Selberg's Lemma implies that 
they contain finite index torsion-free subgroups. 

A convex representation is convex Anosov if the flat bundle over its 
Gromov geodesic flow has a contraction property we will define carefully 
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below. We first recall basic properties of the geodesic flow and discuss 
a splitting of the flat bundle associated to a convex representation. 

Gromov [22] defined a geodesic flow UoT" for a word hyperbolic group 
- that we shall call the Gromov geodesic flow - (see Champetier [15] 
and Mineyev [43] for details). He defines a proper cocompact action of 
T on dooT^ x R which commutes with the action of R by translation 
on the final factor. The action of T restricted to is the diago- 

nal action arising from the standard action of T on dooT. There is a 
metric on dooT^ x R, well-defined up to Holder equivalence, so that T 
acts by isometries, every orbit of the R action gives a quasi-isometric 
embedding and the geodesic flow acts by Lipschitz homeomorphisms . 
The flow on 

U^f = d^T® x R 
descends to a flow on the quotient 

u r = d^r® x R/r. 

In the case that M is a closed negatively curved manifold and T = 
7Ti(M), Uor may be identified with T X M in such a way that the flow 
on Uor is identified with the geodesic flow on ~T l M. Since the action 
of T on d^T 2 is topologically transitive, the Gromov geodesic flow is 
topologically transitive. 

If p is a convex representation, let E p be the associated flat bundle 
over the geodesic flow of the word hyperbolic group U r. Recall that 

E p = U^T x R m /r 

where the action of 7 G T on R m is given by p(7). The limit maps £ 
and 9 induce a splitting of E p as 

e p = e®o 

where H and are sub-bundles, parallel along the geodesic flow, of 
rank 1 and m — 1 respectively. Explicitly, if we lift S and to sub- 
bundles S and of the bundle UoT x R m over UoI\ then the fiber of S 
above (x,y,t) is simply and the fiber of is 6{y). 

The R-action on Uor extends to a flow {i/Jt}t£R on Uor x R m (which 
acts trivially on the R m factor). The flow {ipt}t£R descends to a flow 
{ipt}tm on E p which is a lift of the geodesic flow on Uor. In particular, 
the flow respects the splitting E p = E © 0. 

In general, we say that a vector bundle E over a compact topological 
space whose total space is equipped with a flow {(f> t }tm of bundle au- 
tomorphisms is contracted by the flow if for any metric |.| on E, there 
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exists to > such that if v E E, then 

\\Mv)\\^±\\v\\. 

Observe that if bundle is contracted by a flow, its dual is contracted by 
the inverse flow. Moreover, if the flow is contracting, it is also uniformly 
contracting, i.e. given any metric, there exists positive constants A and 
c such that 

Ut(v)\\ <Ae- rf |M| 

for any v E E. 

Definition 2.2. A convex representation p : T — > SL m (R) is Anosov if 
the bundle Hom(0, S) is contracted by the flow {ipt}teR- 

In the sequel, we will use the notation ©* = Hom(0, R). The follow- 
ing alternative description will be useful. 

Proposition 2.3. A convex representation p : T — > SL m (R) with limit 
maps £ and 9 is convex Anosov if and only if there exists t > such 
that for all Z E \J T, v EE z \{0} and w eQ z \ {0}, 

U t0 (v)\\ <1JHL. ( 2 ) 



'to 



w) ~ 2 w 



Proof. Given a convex Anosov representation p : T — > SL m (R) and a 
metric |.| on E p , let to be chosen so that 

WMW < ^\\v\l 

for all 7] E E ® 6*. If Z E U r, v EE Z \ {0} and w ES Z \ {0}, then 
there exists r\ E Hom(Oz,Hz) = (S ® Q*)z such that rj{w) = v and 
IMI = Ikll/ll^ll- Then, 

lhWl011 < < Iht - w 



ll'fcWII ^2 || W || 

The converse is immediate. □ 

Furthermore, convex Anosov representations are contracting on S. 

Lemma 2.4. If p : F — > SL m (R) is convex Anosov, then {ip t }tm is 
contracting on S. 

Proof. Since the bundle H <g> 0* is contracted, so is 

n = det(S ® 0*) = S (8) det(6*). 

One may define an isomorphism from S to det(O)* by taking u to the 
map a — > Vo1(m A a). Since det(O)* is isomorphic to det(0*), it follows 
that Q is isomorphic to S® 2 . Thus H is contracted. □ 
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It follows from standard techniques in hyperbolic dynamics that our 
limit maps are Holder. We will give a proof of a more general statement 
in Section 8 (see [32, Proposition 3.2] for a proof in a special case). 

Lemma 2.5. Let p be a convex Anosov representation, then the limit 
maps £ and 9 are Holder. 

If 7 is an infinite order element of T, then there is a periodic orbit 
of UoT" associated to 7: if 7 + is the attracting fixed point of 7 on d^T 
and 7~ is its other fixed point, then this periodic orbit is the image of 
(7 + ,7~) x R. Inequality (2) and Lemma 2.4 applied to the periodic 
orbit of Uor associated to 7 imply that p(j) is proximal and that £(7 + ) 
is the eigenspace associated to the largest modulus eigenvalue of p(j). 

Let L(j)(p) denote the eigenvalue of p(j) of maximal absolute value 
and let A(j)(p) denote the spectral radius of p(j), so A(j)(p) = |L(7)(p)| 
If S is a fixed generating set for T and 7 G T, then we let £(7) denote 
the translation length of the action of 7 on the Cayley graph of V with 
respect to S; more explicitly, £(7) is the minimal word length of any 
element conjugate to 7. Since the contraction is uniform and the length 
of the periodic orbit of Uor associated to 7 is comparable to we 
obtain the following uniform estimates: 

Proposition 2.6. If p :T — > SL m (M) is a convex, Anosov representa- 
tion, then there exists S G (0, 1) such that if 7 G T has infinite order, 
then L(7)(p) and (L(7~ 1 )(p))~ 1 are both eigenvalues of p(j) of multi- 
plicity one and 

p{l) = L (7)(p)P 7 + m 7 + L(7^)(p) q7 

where 

• p 7 is the projection on £(7 + ) parallel to 9{^~), 

• q 7 = p 7 -i, 

• m 7 = A o (1 — q 7 — p 7 ) and A is an endomorphism 0/^(7") PI 
0(7+) whose spectral radius is less than 

^ {7) A(7)(P). 

Moreover, we see that p is well-displacing in the following sense: 

Proposition 2.7. [Displacing property] If p :T -t SL m (R) is a 

convex Anosov representation, then there exists constants K > and 
C > 0, and a neighborhood U of po in Hom(T, SL m (IR)) such that that 
for every 7 G T and p G U we have 

l/( 7 ) -C7< log(A( 7 )(p)) <ltt(7) + C, (3) 
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Proposition 2.7 immmediately implies: 
Proposition 2.8. For every real number T , the set 
R T (p)={[j}\\og(A(j)(p))^T} 

is finite. 

Remark: Proposition 2.6 is a generalization of results of Labourie 
[32, Proposition 3.4], Sambarino [51, Lemma 5.1] and Guichard- Wien- 
hard [24, Lemma 3.1]. Proposition 2.7 is a generalization of a re- 
sult of Labourie [35, Theorem 1.0.1] and a special case of a result 
of Guichard-Wienhard [24, Theorem 5.14]. See [19] for a discussion 
of well-displacing representations and their relationship with quasi- 
isometric embeddings. 

2.2. Convex irreducible representations. Guichard and Wienhard 
[24, Proposition 4.10] proved that irreducible convex representations 
are convex Anosov (see also [32] for hyperconvex representations). 

Proposition 2.9. [Guichard- Wienhard] If T is a word hyperbolic 
group, then every irreducible convex representation p : Y — > SL m (IR) is 
convex Anosov. 

It will be useful to note that if p : T — > SL m (M) is convex and 
irreducible, then £(<9oc>r) contains a projective frame for MP(m). We 
recall that a collection of m + 1 elements in MP(m) is a projective 
frame if every subset containing m elements spans ¥L m . We first prove 
the following lemma. 

Lemma 2.10. Let p : T — > SL m (R) be a representation with a continu- 
ous equivariant map £ : dooT — > MP(m), then the preimage of a 
vector subspace V C M m is either c^T or has empty interior on dooT. 

Proof. Choose {x±, . . . , x p } C d^T so that {£(xi), . . . , £(x p )} spans the 
vector subspace (£(<9oor)) spanned by £(<9oor). 

Suppose that = {x G ctoT : G V} has non-empty 

interior in c^r. Choose 7 G T so that 7" ^ {x±, . . . ,x p } and 7 + 
belongs to the interior of £ _1 (V). 

Since 7 n (xj) — > 7 + for every i G {l,...,p}, if we choose n large 
enough, then 7 n (xj) is contained in the interior of so £(7™2j) G 

V. Since {£(j n (xx)), ■ ■ ■ ,£(j n (x p ))} still spans (£(dooT)), we see that 
(f (d^r)) C V, in which case £~ l (V) = d^F. □ 

The following generalization of the fact that every convex, irreducible 
representation admits a projective frame will be useful in Section 12. 
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Lemma 2.11. Let p\ : T — > SL m (IR) and pi : T — > SL m (R) be convex 
Anosov representations with limit maps^i and £2 such that dim (£i(<9cx>r)) = 
dim (£2(<9oc>r)) = p. Then there exist p + 1 distinct points {xq, . . . , x p } 
in dooT such that 

{£1(2:0), • • -,tii(xp)} and {£2(2:0), • • • ,£2(2^)} 

are projective frames of (^(dooT)) and ^(c^r)) respectively. 

Proof. We first proceed by iteration to produce {x\, . . . ,x p } so that 
{£1(2:1), ... , £i(x p )} and {£2(2:1), • • • , £2(2^)} generate 

V^^d^F)) and W=(Md 00 T)). 

Assume we have found {x\, . . . ,x k } so that {£1(2:1), . . . , £1(2;*,)} an d 
{£2(2:1), • • • , £2(2^)} are both linearly independent. Define 

V k = ({£1(2:!), . . . , £x(2; fe )}) and W k = ({£2(2:1), • • • , £2(2^)}} . 

By the previous lemma, if k < p, then £j~ (14) and £ 2 ~ 1 (W4) have empty 
interior, so their complements must intersect. Pick 

x k+1 e^\v k yn&\w k y. 

This process is complete when k = p. 

It remains to find xq. For each i = 1, . . . ,p, let 

f/ i 1 = ({£i(xi),...,£i(x p )}\{£i(x 4 )}) 

and 

^ = ({£2(xi),...,£ 2 (x p )}\{£ 2 (x t )}). 

Then, choose 

i 

One easily sees that {xo, . . . , x p } has the claimed properties. □ 

If p : T — > SL m (R) is convex and irreducible, then (£(<9oc>r)} = R m 
(since (£(<9oor)) is p(r)-invariant), so Lemma 2.11 immediately gives: 

Lemma 2.12. If p : F — > SL m (M) is a convex irreducible representation 
with limit maps £ and 9, then then there exist {xo, . . . ,x m } C d^T so 
that {£(xq), . . . ,£(x m )} is a projective frame for RP(m). 
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2.3. Anosov representations. In this section, we recall the general 
definition of an Anosov representation and note that convex Anosov 
and Hitchin representations are examples of Anosov representations. 

We first recall some notation and definitions. Let G be a semi-simple 
Lie group with finite center and Lie algebra g. Let A be a Cartan 
subgroup of g and let a be the Cartan subalgebra of g. 

For a G a, let M be the connected component of the centralizer of a 
which contains the identity, and let m denote its Lie algebra. Let E\ be 
the eigenspace of the action of a on g with eigenvalue A and consider 

» + = 

A>0 
A<0 

so that 

g = mffin + ffin~, (4) 

Then n + and n~ are Lie algebras normalized by M. Let P 1 * 1 the con- 
nected Lie subgroups of G whose Lie algebras are p* 1 = m © ri^. We 
may identify a point ([X], [Y]) in G/P + x G/P~ with the pair of oppo- 
site parabolic subgroups (Ad(X)P + , Ad(F)P~). We will say that P + is 
non-degenerate if p + does not contain a simple factor of g. 

The pair (Ad(X)P + , Ad(Y)P~) is transverse if their intersection Ad(X)P + fl 
Ad(y)P~ is conjugate to M. 

We now suppose that p : T — y G is a representation of word hy- 
perbolic group T and £ + : d^T — y G/P + and £~ : T — y G/P" are 
p-equivariant maps. We way that £ + and £~ are transverse if given 
any two distinct points x, y G d^T, and £~(y) are transverse. 

The G-invariant splitting described by Equation (4) then gives rise to 
bundles over Uor. Let and Mz be the bundles over Uor whose 
fibers over the point (x, y, t) are 

Ad(C(y))n + and Ad(£ + (x))rT. 

There is a natural action of T on J\f+ and M~ , where the action on the 
fiber is given by p(T), and we denote the quotient bundles over by 
Np and M~ ■ We may lift the geodesic flow to a flow on the bundles 
and Hz which acts trivially on the fibers. 

Definition 2.13. Suppose that G is a semi- simple Lie group with finite 
center, P + is a parabolic subgroup o/G and V is a word hyperbolic group. 
A representation p : T — y G is (G, P + )-Anosov if there exist transverse 
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p-equivariant maps 

: d^Y -> G/P+ and C : d^Y -> G/P" 

so i/iai i/ie geodesic flow is contracting on the associated bundle A/7 
an<i i/ie inverse flow is contracting on the bundle ' . 

We now recall some basic properties of Anosov representations which 
were established by Labourie, [32, Proposition 3.4] and [35, Theorem 
6.1.3], and Guichard-Wienhard [24, Theorem 5.3 and Lemma 3.1]. We 
recall that an element g G G is proximal relative to P + if g has fixed 
points x + G G/P + and x~ G G/P - so that x + is transverse to x~ and 
if x G G/P + is transverse to x~ then lim^oo g n (x) = x + . 

Theorem 2.14. Let G be a semi-simple Lie group, P + a parabolic 
subgroup, Y a word hyperbolic group and p : Y — > G a (G, P + ) -Anosov 
representation. 

(1) p has finite kernel, so Y is virtually torsion-free. 

(2) p is well-displacing, so p(Y) is discrete. 

(3) If j G T has infinite order, then p{^f) is proximal relative to P + 

In this parlance, convex Anosov representations are exactly the same 
as (SL m (IR), P + )-Anosov representations where P + is the stabilizer of a 
line in R m . 

Proposition 2.15. Let P + be the stabilizer of a line in M. n . A rep- 
resentation p : T — > SL m (R) is convex Anosov if and only if it is 
(SL m (lR), P + )-Anosov. Moreover, the limit maps £ and 9 in the def- 
inition of convex Anosov representation agree with the limit maps £ + 
and £~ in the definition of a (SL m (M), P + )-Anosov representation. 

Proof. First suppose that p is convex Anosov with limit maps £ and 
9. One may identify SL m (M)/P+ with RP(m) and SL m (R)/P~ with 
MP(m)* so that, after letting £ + = £ and £~ = 9, is identified with 
H(g>0* and M~ is identified with E*®0. By definition, the geodesic flow 
is contracting on H®B*. Inequality (2) quickly implies that the inverse 
flow is contracting on H* (g) 0. Therefore, p is (SL m (M), P + )-Anosov. 

Conversely, if p is (SL m (R), P + )-Anosov with associated limit maps 
£ + and then we let £ = £ + and 9 = £ _ , and the fact that the 
geodesic flow is contracting on is equivalent to the geodesic flow 
being contracting on H®0*. Therefore, p is convex Anosov. □ 

2.4. G-generic representations. Let G be a reductive subgroup of 
SL m (M). We recall that an element in G is generic if its centralizer is a 
maximal torus in G. We say that a representation p : Y — > SL m (M) of Y 
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is G-generic if p(T) C G and the Zariski closure p(T) of p(T) contains 
a G-generic element. 

We will need the following observation. 

Lemma 2.16. If G is a reductive subgroup o/SL m (M) and p : T — > G 

a G-generic representation, then there exists 7 G T such that p{^) is 
a generic element of G. 

Proof. We first note that the set of non-generic elements of G is Zariski 
closed in G, so the set of generic elements is Zariski open in G. There- 
fore, if the Zariski closure of p(T) contains generic elements of G, then 
p(r) must itself contain generic elements of G. □ 

3. PLUCKER REPRESENTATIONS 

In this section we show how to obtain a convex Anosov representation 
from any Anosov representation. We shall make crucial use of the 
following result of Guichard-Weinhard [24, Proposition 4.3]: 

Theorem 3.1. Let <p : G — > SL(V) be a finite dimensional irreducible 
representation. Let x G P(V) and assume that 

P = {g E G : <f)(g)(x) = x} 

is a parabolic subgroup of G with opposite parabolic Q. If T is a word 
hyperbolic group, then a representation p : V — > G is (G, P) -Anosov if 
and only if 4> p is convex Anosov. 

Furthermore, if p is (G, P)-Anosov with limit maps £ + and then 
the limit maps of o p are given by £ = (3 o and 9 = (3* o £~ where 
P : G/P ->■ F(V) and f3* : G/Q ->> F(V*) are the maps induced by (p. 

We are interested in the following corollary. 

Corollary 3.2. For any parabolic subgroup P of a semi-simple Lie 
group G with finite center, there exists a finite dimensional irreducible 
representation a : G — > SL(V) such that ifT is a word hyperbolic group 
and p : T — > G is a (G, P) -Anosov representation, then a o p is convex 
Anosov. 

Moreover, if P is non- degenerate, then ker(a) = Z(G) and a is an 
immersion. 

The representation given by the corollary will be called the Pliicker 
representation of G with respect to P. 

Proof. In view of Theorem 3.1 it suffices to find a finite dimensional ir- 
reducible representation a : G — > SL(V) such that a(P) is the stabilizer 
(in a(G)) of a line in V. 
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This is standard in representation theory, but we include the proof 
for completeness (see also Remark 4.12 in Guichard-Wienhard [24]). 
We continue the notation of Section 2.3. Let A k W denote the k-th 
exterior power of the vector space W. 

Let n = dimn + = dimn~ and consider a : G — > SL(A n g) given by 

a(g) = A n Ad(g). 
Notice that A n n + is a line in A n Q. One may easily check that 
P = {g G G : a(g){A n n + ) = A n n + }. 
Let V be the subspace of A n $j generated by the G-orbit of A n n + , i.e. 

V = (G • A n n+) . 

The subspace V is preserved by a(G), so it remains to show that the 
restriction a\v '■ G — > SL(V) is irreducible. 

Let (3 : G/P — > P(V) be the map induced by a. Suppose that W 
is a a(G)-invariant subspace of V. Fix a norm || ■ || for V and choose 
a finite basis . . . , vj} for V so that each V{ lies in /3(xi) for some 
Xi G G/P. We can choose g G G so that g is proximal relative to P and 
g~ is transverse to Xj for alH = 1, . . . , d. Given w G W we may write 
it as 

w = a±Vi + • • • + ddVd. 

If x G G/P is transverse to g~, then g n x — > g + . Thus, any possible 
limit of the sequence in W given by 

a(g) n (w) _ aiQ;(g) n (^i) + . . . + ada(g) n (vd) 
\\a(g) n (w)\\ ' l|a(^) n H|| 

lies in the line (3{g + )- Therefore, (3{g + ) lies in W and, since W is a(G)- 
invariant, so does its G-orbit, i.e. 

P(G-g + ) = P(G/P)cW. 

It follows that W = V, so a\v is irreducible. 

If P is non-degenerate, then ker(a|y) is a normal subgroup of G 
which is contained in P, so ker(a|y) is contained in Z{G) (see [47]). 
Since Z(G) is in the kernel of the adjoint representation, we see that 
ker(a|v) = Z{G). Since a\v is algebraic and Z(G) is finite, it follows 
that a\v is an immersion. □ 

If G has rank one, then it contains a unique conjugacy class of par- 
abolic subgroups. A representation p : T — > G is Anosov if and only 
if it is convex cocompact (see [24, Theorem 5.15]). We then get the 
following. 
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Corollary 3.3. Let G be a rank one semi-simple Lie group, let T be a 
word hyperbolic group, and let a : G — > SL(V) be the Pliicker represen- 
tation. If p : T — » G is convex cocompact, then a o p is convex Anosov. 
Moreover, there exists K > such that for any 7 in F, 

log(A(a(p( 7 )))) = Kd(p^)) 

where d(p(7)) is the translation length of the action of p(g) on the 
symmetric space of G. 

Corollary 3.3 follows immediately from Corollary 3.2 and the follow- 
ing observation. 

Lemma 3.4. Let G be a rank one semi-simple Lie group and let a : 
G — > SL(V) be the Pliicker representation. Then there exists K > so 
that if g G G is hyperbolic, then 

bg(A(afo))) = Kd(g). 

Proof. Let A be a Cartan subgroup of G and let a be a generator of the 
Lie algebra of A. Let 

_ log(A(a(e Q )) 
d(e a ) ' 

First, observe that if h = e ta is an arbitrary element of A, then 

log(A(a(fe)) _ tlog(A(q(e a )) _ log(A(q(e a )) _ 
d(h) td(a) d(e a ) 

Let g be a hyperbolic element in G. Then we can write 

g = u(he)u~ l , 

where h £ A and e is an elliptic element commuting with h. Observe 
then that 

log(AHs))) = log(A(a(/ie)))=log(A(a(/0)) 
= Kd(h) = Kd(he) = Kd(g). 

which completes the proof. □ 

We recall that the topological entropy of a convex cocompact rep- 
resentation p : T — y G of a word hyperbolic group into a rank one 
semi- simple Lie group is given by 

h{p)= lim ^ log (MM I d(p( 7 )) < T}) . 
We obtain the following immediate corollary. 
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Corollary 3.5. Let G be a rank one semi-simple Lie group, let T be a 
word hyperbolic group and let a : G — > SL(V) be the Pliicker represen- 
tation. There exists K > 0, such that if p : F — > G is convex cocompact, 
then a o p is convex Anosov and 



h(a op) = 




4. Deformation spaces of convex representations 

In this section, we collect a few facts about the structure of de- 
formation spaces of convex, Anosov representations of T into SL m (R) 
and their relatives. Recall that a word hyperbolic group is finitely pre- 
sented. Thus, if G is a reductive Lie group, Hom(r, G) has the structure 
of an algebraic variety. 

4.1. Convex irreducible representations. We first observe that our 
deformation spaces C(T, m) and C g (T,G) are real analytic manifolds. 
Let 

C(T,m) C Hom(r,SL m (R)) 

denote the set of regular, convex, irreducible representations. If G is a 
reductive subgroup of SL m (R), then we similarly let 

C g (T,G) C Hom(r,G) 

denote the space of G-generic, regular, convex irreducible representa- 
tions. 

Proposition 4.1. Suppose that T is a word hyperbolic group. Then 

(1) The deformation spaces C(T,m) and C g (T, SL m (R)) have the 
structure of a real analytic manifold compatible with the alge- 
braic structure on Hom(T, SL m (R)) 

(2) If G is a reductive subgroup o/SL m (R), then C g (T,G) has the 
structure of a real analytic manifold compatible with the alge- 
braic structure on Hom(T, G). 

Proof. We may regard Hom(T, SL m (R)) as a subset of Hom(T, SL m (C)). 
We first notice that an irreducible homomorphism in Hom(T, SL m (R)) 
is also irreducible when regarded as a homomorphism in Hom(T, SL m (C)) 
Lubotzky and Magid ([40, Proposition 1.21 and Theorem 1.28]) proved 
that the set of irreducible homomorphisms form an open subset of 
Hom(r, SL m (C)), so they also form an open subset of Hom(r, SL m (R)). 
Results of Labourie [32, Prop. 2.1] and Guichard-Wienhard [24, The- 
orem 5.13] imply that the set of convex Anosov homomorphisms is an 
open subset of Hom(r, SL m (R)) (see also Proposition 8.1). Therefore, 
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C(T, m) is an open subset of Hom(T, SL m (R)). Since the former consists 
of regular homomorphisms, it is an analytic manifold. 

Lubotzky-Magid ([40, Theorem 1.27]) also proved that SL m (C) acts 
properly (by conjugation) on the set of irreducible representations in 
Hom(r, SL m (C)). It follows that SL m (M) acts properly on C(T,m). 
Schur's Lemma guarantees that the centralizer of an irreducible rep- 
resentation is contained in the center of SL m (R). Therefore, PSL m (M) 
acts freely, analytically and properly on the analytic manifold C(Y, m), 
so its quotient C(T,m) is also an analytic manifold. 

Since the set of G-generic elements of G is an open G-invariant sub- 
set of G, we may argue exactly as above to show that C g (T, G) is an 
open subset of Hom(r, G) which is an analytic manifold. The action of 
G/Z(G) on C g (T, G) is again free, analytic and proper, so its quotient 
C g (T, G) is again an analytic manifold. □ 

If p G C(r,m), then one may identify T p C(r,m) with the space 
Zp(T , sl m (WL)) of cocycles and one may then identify T[ p ]C(r,m) with 
the cohomology group i? p (r,st m (IR)) (see [40, 29]). In particular, the 
space Bp(T, sI m (R)) is identified with the tangent space of the SL m (R)- 

orbit of p. Similarly, if p G C g (T,G), we identify T p C 5 (r,G) with 
Z x (I\g) and T [p] C g (T, G) with More generally, if p is an irre- 

ducible representation in Hom(r, G), the tangent vector to any analytic 
path through p may be identified with an element of Z p (T, g) (see [29, 
Section 2]). 

A simple calculation in cohomology gives that convex irreducible 
representations of fundamental groups of 3-manifolds with non-empty 
boundary are regular. 

Proposition 4.2. If T is isomorphic to the fundamental group of a 
compact orientable three manifold M with non empty boundary, then 
C(r,m) is the set of conjugacy classes of convex irreducible represen- 
tations. 

Proof. Let T = tti(M) where M is a compact orientable 3-manifold 
with non-empty boundary. It suffices to show that the open subset 
of Hom(r, SL m (R)) consisting of convex, irreducible homomorphisms 
consists entirely of regular points. We recall that po G Hom(r, SL m (R)) 
is regular if there exists a neighborhood U of po so that dim(Z p (M, g)) 
is constant on U and the centralizer of any representation p G U is 
trivial [40]. 

If po is convex and irreducible, we can take U to be any open neigh- 
borhood of po consisting of convex irreducible representations. Since 
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p 6 U is irreducible, Schur's Lemma guarantees that the centralizer of 
p(r) is the center of SL m (M). Moreover, if p 6 U, then 

dim(i/ p (M,g))-dim(^;(M, S )) + dim( J f7 p 2 (M, S )) = X (M)dim(G). 

Since the centralizer is trivial, dim(if °(M, g)) = 0. By Poincare duality, 
dim(#2(M,g)) = dim(#J(M, dM, g)). Since dim(H°(M, g)) = 0, the 
long exact sequence for relative homology implies that dim(if °(M, dM, g)) = 0. 
Thus, 

dim(F p 1 (M,g)) = - X (M) dim(G). 

Therefore, dim(Zj(M, g)) = (1 - x(M)) dim(G) for all p E U, so p is a 
regular point. □ 

4.2. Virtually Zariski dense representations. We also need an 
analogous result for deformation spaces of virtually Zariski dense Anosov 
representations. 

Proposition 4.3. Suppose that T is a word hyperbolic group, G is 
a semi-simple Lie group with finite center and P is a non- degenerate 
parabolic subgroup of G. Then Z{T; G, P) is a real analytic orbifold. 

Moreover, if G is connected, then Z(T; G, P) is a real analytic mani- 
fold. 

Proof. Let Hom*(r, G) be the set of regular homomorphisms. By def- 
inition, Hom*(r, G) is an open subset of Hom(r, G) and hence it is an 
analytic manifold, since it is the set of smooth points of a real algebraic 
manifold. Results of Labourie [32, Prop. 2.1] and Guichard-Wienhard 
[24, Theorem 5.13] again imply that the set of (G, P)-Anosov homo- 
morphisms is open in Hom*(r, G). The main difficulty in the proof is 
to show that the set Z(T; G, P) of virtually Zariski dense Anosov ho- 
momorphisms is open in Hom*(r, G) and hence an analytic manifold. 

Once we have shown that Z(T; G, P) is an analytic manifold, we may 
complete the proof in the same spirit as the proof of Proposition 4.1. 
We observe that if p G Z{T; G, P) then its centralizer is finite, since 
the Zariski closure of p{T) has finite index in G. Then, G/Z(G) acts 
properly and analytically on Z(T; G, P) with finite point stabilizers, so 
the quotient Z(T; G, P) is an analytic orbifold. If G° is the connected 
component of G, then the Zariski closure of any representation p e 
Z(T; G, P) contains G°, so the intersection of the centralizer of p with 
G° is simply Z(G)flG°. Therefore, Z(T; G, P) / G° is an analytic manifold. 
In particular, if G is connected, Z(T; G, P) is an analytic manifold. 

We complete the proof by showing that the set of virtually Zariski 
dense (G, P)-Anosov homomorphisms is open in Hom*(r, G). If not, 
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then there exists a sequence {p m } me N of (G, P)-Anosov representations 
which are not virtually Zariski dense converging to a virtually Zariski 
dense (G, P)-Anosov representation p . 

Since G has finitely many components, p~ 1 (G°) has bounded finite 
index for all n. Since T is finitely generated, it contains only finitely 
many subgroups of a given index, so we may pass to a finite index 
subgroup T of T so that p„(r ) is contained in the identity component 
G° of G for all n. Since each p n |r is (G, P)-Anosov and po(Xo) is also 
virtually Zariski dense, we may assume for the remainder of the proof 
that G is the Zariski closure of G°. 

Let Z n be the Zariski closure of Im(p n ) and let i n be the Lie algebra 
of Z n . Consider the decomposition of the Lie algebra q of G 

p 

= ©fli, 

i=l 

where Qi are simple Lie algebras. Let Gj = Aut(0j). We consider the 
adjoint representation Ad : G — > Aut(g). Let H be the subgroup of 
G consisting of all g 6 G so that Ad(g) preserves the factors of q. 
Then H is a finite index, Zariski closed subgroup of G. Hence, with our 
assumptions, H = G. Therefore, we get a well-defined projection map 
7Tj : G — y Gj. If p is the Lie algebra of P, then p = ®f =1 pi, where pj 
is a Lie subalgebra of gj. Let Pj be the stabilizer of pj in Gj. Then we 
also obtain a G-equivariant projection, also denoted 7r,, 

-Ki : G/P Gj/Pj = Gpj C Gr dim(Pi) (gj) 

where Grdi m ( Pi )(£ji) is the Grassmanian space of dim(pj)-dimensional 
vector spaces in gj. 

If £n : ^ooT — > G/P is the limit map of p n , 7Tj o £ n is a p n -equivariant 
map from d^T to Gj/Pj. If 7Tj o £ n is constant, then p n (r) would nor- 
malize a conjugate of pj. So, if 7Tj o £ n is constant for infinitely many 
n, then po(T) would normalize a conjugate of pj, which is impossible 
since Po(r) is Zariski dense and Pj is a proper parabolic subgroup of 
Gj. Therefore, we may assume that 7Tj o £ n is non-constant for all i and 
all n. Since V acts topologically transitively on ^ooT, we then know 
that the image must then be infinite. Therefore, for all i and n, 

dim(vTj(3 n )) > 0. (5) 

We may thus assume that {% n } converges to a proper Lie subalgebra 
3o which is normalized by Po(r) with 



dim(3 ) > 0. 



(6) 
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Since po is virtually Zariski dense, 30 must be a strict factor in the Lie 
algebra g of G. Thus, after reordering, we may assume that 

3o = 00i- (7) 

i=i 

For n large enough, % n is thus a graph of an homomorphim 

p 

fn ■ 3o -»• & = Si- 

i=q+l 

Since there are only finitely many conjugacy classes (under the ad- 
joint representation) of homomorphisms of 30 into f), we may pass to a 
subsequence such that 

/„ = Ad(g n ) o f o7r hl , 

where fa is a fixed isomorphism from an ideal f)i in 30 to an ideal f) 2 
in f), 7r^ is the projection from 3 to P)i and g n G H 2 where Hj is the 
subgroup of G whose Lie algebra is fjj. Let Ai be a Cartan subgroup 
of the subgroup Zo of G whose Lie algebra is 30 and let A2 be a Cartan 
subgroup of H 2 so that /o^^Ai)) = A 2 . Let di and a 2 be the Lie 
algebras of Ai and A 2 respectively. Considering the Cartan decompo- 
sition H 2 = KA 2 K of H 2 where K is a maximal compact subgroup, we 
may write g n = k n a n c n with a n G A 2 and k n , c n G K. Moreover we may 
write Ad(c n ) = f (Ad(d n )) , where d n lies in a fixed compact subgroup 
of Hi. Thus, if u G di, since A 2 is commutative, we have 

/ n (Ad(0«) = Ad(^)/ (Ad« 1 )«) = Ad(A^)/ («). 

We may extract a subsequence so that that {k n } n£ F$ and {<i n }neN con- 
verge respectively to ko and do- Therefore, 

{(Ad^o 1 )^, Ad(k )f (u)) I u G ai} C 30, 

which contradicts the fact that 30 = ©? =1 Qi- This contradiction estab- 
lishes the fact that the set of Anosov, virtually Zariski dense regular 
homomorphisms is open, which completes the proof. □ 

We record the following observation, established in the proof of 
Proposition 4.3 which will be useful in the proof of Corollary 1.9. 

Proposition 4.4. Suppose that T is a word hyperbolic group, G is 
a semi-simple Lie group with finite center and P is a non-degenerate 
parabolic subgroup of G. Then Z(T; G, P)/G° is an analytic manifold. 
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4.3. Kleinian groups. Let C C (T, PSI_2(C)) be the set of (conjugacy 
classes of) convex cocompact representations of T into PSL 2 (C)). We 
say that a convex cocompact representation p in PSL 2 (C) is Fuchsian 
if its image is conjugate into PSL 2 (M.). Since every non-elementary 
Zariski closed, connected subgroup of PSL 2 (C) is conjugate to PSL 2 (K.), 
we note that p G C C (T, PSL 2 (C)) is Zariski dense unless p is almost 
Fuchsian, i.e. there exists a finite index subgroup of p(T) which is 
conjugate into PSL 2 (IR) (see also Johnson-Millson [29, Lemma 3.2]). 
Notice that if p is almost Fuchsian, then p(T) contains a finite index 
subgroup which is isomorphic to a free group or a closed surface group. 

Bers [8] proved that C C (T, PSL 2 (C)) is a complex analytic manifold, 
which has real dimension — 6%(r) if V is torsion-free. (See also Kapovich 
[30, Section 8.8] where a proof of this is given in the spirit of Proposition 
4.1.) We summarize these results in the following proposition. 

Proposition 4.5. Let T be a word hyperbolic group. Then 

(1) C c (r, PSL 2 (C)) is a smooth analytic manifold. 

(2) p e C c (r, PSL 2 (C)) is Zariski dense if and only if p is not almost 
Fuchsian. 

(3) IfT is torsion-free, then C C (T, PSL 2 (C)) has dimension — 6x(r). 

4.4. Hitchin components. Let 5* be a closed orientable surface of 
genus at least 2 and let r m : PSL 2 (M) — > PSL m (lR) be an irreducible 
homomorphism. If p : fti(S) — > PSL 2 (M) is discrete and faithful, hence 
uniformizes S, then r m o p is called a Fuchsian representation. A repre- 
sentation p : 7ri(S) — > PSL m (lR) that can be deformed into a Fuchsian 
representation is called a Hitchin representation. Lemma 10.1 of [32] 
implies that all Hitchin representations are irreducible. 

Let H m (S) be the space of Hitchin representations into PSL m (IR) and 

let 

H m (S) = H m (S)/PGL m (R). 

Each l-L m (S) is called a Hitchin component and Hitchin [28] proved that 
H m (S) is an analytic manifold diffeomorphic to ]R( m2 ~ 1 )lx( s ')l. 

One may identify the Teichmiiller space T(S) with 7/ 2 (S'). The irre- 
ducible representation gives rise to an analytic embedding that we also 
denote r m , of T(S) into the Hitchin component % m {S) and we call its 
image the Fuchsian locus of the Hitchin component. 

Each Hitchin representation lifts to a representation into SL m (R). 
Labourie [32] showed that all lifts of Hitchin representations are con- 
vex, irreducible, and (SL m (lR), B)-Anosov where B is a minimal para- 
bolic subgroup of SL m (M). In particular, Hitchin representations are 
convex Anosov. Moreover, Labourie [32] showed that the image of 
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every non-trivial element of tti{S) under the lift of a Hitchin repre- 
sentation is diagonalizable with distinct eigenvalues. In particular, ev- 
ery lift of a Hitchin representation is SL m (IR)-generic, so is contained 
in C g (ffi(S), SL m (R)). Moreover, notice that distinct lifts of a given 
Hitchin representation must be contained in distinct components of 
C^i(S),SL ni (R)). 

We summarize what we need from Hitchin and Labourie's work in 
the following result. 

Theorem 4.6. Every Hitchin component lifts to a component of the 
the analytic manifold C g (iri(S), SL m (IR)). 

5. The geodesic flow of a convex representation 

In this section, we define a flow (U p r, {(f)t}tm) associated to a convex, 
Anosov representation p : T — > SL m (M). We will show that U p r is 
a Holder reparameterization of the geodesic flow DqT of the domain 
group T, so it will make sense to refer to U p r as the geodesic flow of 
the representation. 

Let F be the total space of the bundle over 

EP(m) (2) = RP(m) x MP(m)* \ {([/, V)\U £ V}, 

whose fiber at the point (U, V) is the space 

M(U,V) = {(u,v) \ ueU, v G V, (v\u) = 1}/ ~, 

where (u,v) ~ (—u,—v) and KP(m)* is identified with the projective 
space of the dual space (R m )*. Notice that u determines v, so that F is 
an IR-bundle. One may also identify M(U, V) with the space of metrics 
on U. 

Then F is equipped with a natural M-action, given by 
MU,V,{u,v)) = {U,V,{e t u,e- t v)). 

If p : r — > SL m (M) is a convex, Anosov representation and £ and 9 are 
the associated limit maps, we consider the associated pullback bundle 

F p = (t,eyF 

over dooT^ which inherits an R action from the action on F. The 
action of V on dool^ 2 ) extends to an action on F p . If we let 

u p r = F p /T, 

then the M-action on F p descends to a flow {<f) t }tm on U p r, which we 
call the geodesic flow of the representation. 

The aim of this section is to establish the following proposition. 
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Proposition 5.1. [The geodesic flow] If p : T — >■ SL m (E) is a 

convex Anosov representation, then the action of T on F p is proper and 
cocompact. Moreover, the flow {4>t}teR on (J p T is Holder conjugate to a 
Holder reparameterization of the Gromov geodesic flow on UoT and the 
orbit associated to [7], for any infinite order primitive element 7 G V , 
has period A(p)(7). 

We produce a r-invariant Holder orbit equivalence between UoT and 
F p which is a homeomorphism. Recall that UqT = dooY^ x R and 
that Uoiyr = Uor. Since the action of V on is proper and cocom- 
pact, it follows immediately that U p r is Holder conjugate to a Holder 
reparameterization of the Gromov geodesic flow on UoT. 

Proposition 5.2. If p : T — > SL m (R) is a convex, Anosov representa- 
tion, there exists a T-equivariant Holder orbit equivalence 

which is a homeomorphism. 

Let E p be the flat bundle associated to p on UoT. Recall that E p 
splits as 

E p = E © 6. 

Let {ip t }tm be the lift of the geodesic flow on Uor to a flow on E p . 
We first observe that we may produce a Holder metric on the bundle 
S which is contracting on all scales. 

Lemma 5.3. There exists a Holder metric G° on the bundle H and 
(3 > such that for allt > we have, 

$"(G°) < e^'C7°. 

Proof. Let G be any Holder metric on S. Since p is convex and Anosov, 
Lemma 2.4 implies that there exists to > such that 

Choose > so that 2 < e^' < 4 and, for all s, let G s = ip*{G). Let 

G°= f°e^ s G s ds. 
Jo 

Notice that G° has the same regularity as G. If t > 0, then 

r t (G°) = [°eP s G t+s ds 
Jo 

ft+t 

= e~ pt e pu G u du (8) 
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Now observe that 

r-t+to r t+t ft 



/ e? u G u du = G°+ e pu G u du- / e? u G u du 
Jt Jt Jo 

= G° + / e^>: (e*«%(G) - G) d«. (9) 



But 



e /Sto 



Thus 

ft+to 

J e? u G u du<G°. 
and the result follows from Inequality (8). □ 

5.0.1. Proof of Proposition 5.2. Let G° be the metric provided by Lemma 
5.3 and let /3 be the associated positive number. Let H denote the line 
bundle over <9 oo r < ' 2 ' ) x M which is the lift of S. Notice that G° lifts to a 
Holder metric G° on S. Our Holder orbit equivalence 



v : 9oor (2) xl4F p 



will be given by 

v{x, y, t) = (x, y, (u(x, y, t), v(x, y, t))) , 
where G^ xyt ^(u(x,y,t)) = 1 and G® xyt ^ is the metric on the line £(x) 

induced by the metric G° by regarding £(x) as the fiber of H over the 
point (x,y,t). The fact that ip^G < G° for all t > implies that v 
is injective. Since G° is Holder and p-equivariant, v is also Holder and 
p-equivariant. 

It remains to prove that v is proper. We will argue by contradiction. 
If v is not proper, then there exists a sequence {(x n , y n , £ n )}neN leaving 
every compact subset of dooT^ x R, such that {u(x n , y n , tn)}n&\ con- 
verges to (x,y,(u,v)) in F p . Letting v{x n ,y n ,t n ) = (x n , y n , (u n , v n )), 
we see immediately that 

lim x n = x, lim y n = y, and lim (u n ,v n ) = (u,v). 



n— >oo n—>oo 



Writing u(x n , y n , 0) = (x n , y n , (u n , v n )) and u(x,y,0) = (x,y,(u,v)), 
we obtain, by the continuity of the map u, 

lim (u n ,v n ) = (u,v). 



If t > 0, then 





(*,y,o) 



^0 
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In particular, 

< e"^». (10) 



(v 




(v 


U n ) 



Without loss of generality, either t n — > oo or £ n — > — oo. If i n — >■ oo, 
then by Inequality (10), 

= lim {V 1 Un) 



n— >oo 



(V | U n ) 



on the other hand, 



lim^4 = ^^0. 

t^oo (v | U n ) [V | It) 

We have thus obtained a contradiction. Symmetrically, if t n — > — oo, 
then 

n t ( v \ u n) (v | u) , n 
= lim 7 — = = ^ 0, 

which is again a contradiction. 

The restriction of v to each orbit {(x, y)} x IR is a proper, continuous, 
injection into the fiber of F p over (x, y) (which is also homeomorphic to 
M). It follows that the restriction of v to each orbit is a homeomorphism 
onto the image fiber. We conclude that v is surjective and hence a 
proper, continuous, bijection. Therefore, v is a homeomorphism. This 
completes the proof of Proposition 5.2. 

In order to complete the proof of Proposition 5.1, it only remains to 
compute the period of the orbit associated to [7] for an infinite order 
primitive element 7 G T. Since p is convex Anosov, Proposition 2.6 
implies that ^(7) is proximal, £(7 + ) is the attracting line and #(7") is 
the repelling hyperplane. If u G £(7 + ) and v G 9(j~) one sees that 

p(j)(u) = L( 7 )(p) u and p(j)(v) = v. 

Thus, (7" 1 ", 7", (u, v)) and 

(7+, 7", l(j)(p)u, JjZy~p\ v ) = 0iog(A( 7 )( P )) (7 + , 7", (u, v)) 

project to the same point on U p r. (Recall that 

1 -1 
(l(j)(p)u, v) ~ (-L( 7 )(p)m, 



L(7)(P) ' " " /yr/ 'L( 7 )(P) ' 
in M(£(7 + ), 6 I (7~)).) Since 7 is primitive, this finishes the proof. 
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6. The geodesic flow is a metric Anosov flow 

In this section, we prove that the geodesic flow of a convex Anosov 
representation is a metric Anosov flow: 

Proposition 6.1. [Anosov] If p : Y — >• SL m (R) is a convex, Anosov 
representation, then the geodesic flow (U p r, {4>t\t&) ^ s a topologically 
transitive metric Anosov flow. 

We recall that a flow {<j)} t (zR on a metric space X is topologically 
transitive if given any two open sets U and V in X, there exists t G 
K. so that (j)t{U) H V is non-empty. The topological transitivity of 
(U p r, {4>t}t<=B.) follows immediately from the topological transitivity of 
the action of T on c^r 2 . The definition of a metric Anosov flow is 
given in the next section and a more precise version of the statement 
is given in Proposition 6.8. 

The reader with a background in hyperbolic dynamics may be con- 
vinced by the following heuristic argument: essentially the splitting 
of an Anosov representation yields a section of some (product of) flag 
manifolds and the graph of this section should be thought as a Smale 
locally maximal hyperbolic set; then the result follows from the "fact" 
that the restriction of the flow on such a set is a metric Anosov flow. 
However, the above idea does not exactly work, and moreover it is not 
easy to extricate it from the existing literature in the present frame- 
work. Therefore, we give a detailed and ad-hoc construction, although 
the result should be true in a rather general setting. 

We begin by giving the definition of a metric Anosov flow in Section 
6.1. We then define a metric on the geodesic flow in Section 6.2, in- 
troduce the stable and unstable leaves in Section 6.3, explain how to 
control the metric along the unstable leaves in Section 6.4 and finally 
proceed to the proof in Section 6.5. 

6.1. Metric Anosov flows. Let X be metric space. Let £ be an 
equivalence relation on X. We denote by C x the equivalence class of 
x and call it the leaf through x, so that we have a partition of X into 
leaves 

X = [J Cy, 

where Y is the collection of equivalence classes of C. Such a partition 
is a lamination if for every x in X, there exist two topological spaces 
U and K, a homeomorphism v called a chart from U x K to an open 
subset of X such that u(u, z) £ v(v, z) for all u,v G U and z G K. A 
plaque open set in the chart corresponding to v is a set of the form 
v (O x {zq}) where x = v(y , z ) and O is an open set in U. 
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The plaque topology on C x is the topology generated by the plaque 
open sets. A plaque neighborhood of x is a neighborhood for the plaque 
topology on C x . 

We say that two laminations CJ* 1 define a local product structure, if 
for any point x in X there exist plaque neighborhoods of x in 
and a homeomorphism rj from U + x U~ to an open neighborhood of x 
such that 

rj(u,y) C + r](v,y) and rj(u,y) £~ r)(u, z) 

for all 11,1)6 t/ + and y, z 6 

If £ is a lamination invariant by a flow {4>t}teR, we say that the 
lamination is contracted by the flow, if there exists to > such that for 
all x G X, there exists a chart v x : {7 x K — > V of an open neighborhood 
V of x, such that if 

z = u x (u, k), and y = u x (v, k), 

then for all t > to 

d(<f) t (z),<f) t (y)) < ^d(z,y). 

If {(pt}tm is a flow on X and £ c is a lamination on X which is 
invariant under the flow, we say C c is transverse to the flow, if for every 
x in X, there exists a plaque neighborhood U of x in C x , a topological 
space K, e > 0, and a chart 

v : U x K x (—e, e), 

such that 

4>t(v(u, k, s)) = z/(m, fc, s + 1). 

If £ c is tranverse to the flow, we define a new lamination, called the cen- 
tral lamination with respect to C c , and denoted C c '° by letting x £ c '° y 
if and only if there exists s such that s (x) £ c y. 

Definition 6.2. [Metric Anosov flow] t4 /low {0 t }t 6 R on a com- 
pact metric space X is metric Anosov, if there exists two laminations 
C + and £~ such that 

(1) defines a local product structure, 

(2) defines a local product structure, 

(3) the leaves of C + are contracted by the flow, and 

(4) the leaves of C~ are contracted by the inverse flow. 

Then C + , C~ , are respectively called the stable, unstable, 

central stable and central unstable laminations. 
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6.2. The geodesic flow as a metric space. Recall that F is the total 
space of an M-bundle over PJP(m)( 2 ) whose fiber at the point (U, V) is 
the space M(U,V) = {(u,v) \ u £ U, v £ V, (v\u) = 1}/ ~ . Since 
IRP(m)( 2 ) C RP(m) x PJP(m)*, any Euclidean metric on M m gives rise 
to a metric on F which is a subset of IRP(m) x RP(m)* x R m x (R m )*. 
The metric on F pulls back to a metric on F p . A metric on F p obtained 
by this procedure is called a linear metric. Any two linear metrics are 
bilipschitz equivalent. 

The following lemma allows us to use a linear metric to study F p . 

Lemma 6.3. There exists a Y -invariant metric do on F p which is lo- 
cally bilipschitz equivalent to any of the linear metrics. 

The T-invariant metric d descends to a metric on U p r which we will 
also call do and is defined for every x and y in F p by 



where tt is the projection F p — > U P T. 

Proof. We first notice that all linear metrics on F p are bilipschitz to 
one another, so that it suffices to construct a metric which is locally 
bilipschitz to a fixed linear metric d. 

Let U be an open subset of F p with compact closure which contains a 
closed fundamental domain for the action of T on F p . Since the action 
of T on F p is proper, {{7 7 = j(U)} ie .r is a locally finite cover of F p . 
Let {<i 7 = 7*<i} 76r be the associated family of metrics on F p . Since 
each element of T acts as a bilipschitz automorphism with respect to 
any linear metric, any two metrics in the family {d 1 = 7*c?} 76 r are 
bilipschitz equivalent. 

We will use this cover and the associated family of metrics to con- 
struct a r-invariant metric on F p . A path joining two points x and y 
in X is a pair of tuples 



where (z , . . . , z n ) is an n-tuple of points in F p and (70, . . . , ■y n ) is an 
n-tuple of elements of T such that 

• x = z e U 10 and y = z n e U 7n , 

• for all n > i > 0, Z{ £ U 7i _ t fl U lv 

The length of a path is given by 



d (7r(x),7r(2/)) = inf (x, 7(2/)) 



7er 



V = ((zq, . . .,z n ), (70, . . . ,7„,)), 



1 / 



\i=0 



) 
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We then define 

do(x,y) = mf{£(V) \ V joins x and y}. 

It is clear that do is a T-invariant pseudo metric. It remains to show 
that do is a metric which is locally bilipschitz to d. 

Let z be a point in F p . Then there exists a neighborhood V of z so 
that 

A = { 7 I c/ 7 n V ^ 0}, 

is a finite set. Choose a > so that 

{x I dy(£, x) ^ a} C V. 

Let if be chosen so that if a, /? G A, then d a and (ig are if-bilipschitz. 
Finally, let 



By construction, if x and ?/ belong to W, then for all 7 G A, 

dy(»>y) < 2R- ( U ) 

Let x be a point in W . Let P = ((z , . . . , z n ), (70, . . . , j n )) be a path 
joining x to a point y. 

If there exists j such that jj A, then 



2 

t=0 



2if , 

\ 8=0 

£ — fa--^U-^. (12) 

If 7j G A for all j, then the triangle inequality and the definition of 
K immediately imply that for all 7 G A, 

i(V)>^(x,y). (13) 

Inequalities (12) and (13) imply that 

d (x, y) > — inf (|, d 7 (x, yfj > 0, (14) 
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hence do is a metric. Moreover, if x,y G W, then by inequalities (14) 
and (11), 

d (x,y) ^ —<Ly(x,y). (15) 

By construction, and taking the path Vq = ((x, y), (7, 7)) with 7 in A, 
we also get 

d {x,y) ^£(V ) = dy{x,y). (16) 
As consequence of inequalities (15) and (16), d is bilipschitz on W to 
any <i 7 with 76 A. 

Since d is bilipschitz to c? 7 for any 7 G A, we see that c?o is bilipschitz 
to d on W. 

Since z was arbitrary, it follows that do is locally bilipschitz to d. □ 

6.3. Stable and unstable leaves. In this section, we define the stable 
and unstable laminations of the geodesic flow F p . Let 

X = (x Q ,y Q , (u ,v )) 

be a point in F p . 

(1) The stable leaf through X is 

£x = i( x ' 2/o, («, «o)) I a? G S^r, it G (v„|u) = 1}. 

The central stable leaf through X is 

= {{x,y ,{u,v))\xed oo r,{u,v)eM{t{x),9{y ))} 

teR 

(2) The unstable leaf through X is 

£x = i( x o, y, («o, «)) 1 2/ e ^r, u g %), (v\u ) = i}. 

The central unstable leaf through X is 
C x '° = {{x ,y,{u,v))\yed oo r,(u,v)eM(Z{x ),6{y)} 

= U^)- 

ten 

Observe that C x is homeomorphic to d^T \ {xo} and L x is homeo- 
morphic to d 00 T\ {y }. 

The following two propositions are immediate from our construction. 

Proposition 6.4. [Invariance] J/7 G T and t el, £/ien 

= 7 and £± = <j> t (£%) . 

Proposition 6.5. [product structure] The (two) pairs of lami- 
nation (£ ± ,£ =F '°) define a local product structure on F p , and hence on 

u P r. 
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Remark: Throughout this section, we abuse notation by allowing 
{4>t}teR to denote both the flow on U p r and the flow on F p which covers 
it and letting denote both the lamination on F p and the induced 
lamination on U p r. 

6.4. The leaf lift and the distance. In this section we introduce the 
leaf lift and shows that it helps in controlling distances in F p . 

We first define the leaf lift for points in the bundle F . Let A = 
(U, V, (uo,vq)) be a point in F. We observe that there exists a unique 
continuous map, called the leaf lift from 

A = {w E WP(m)* | U n ker(» = {0}}. 

to ((R m )* \ {0}) / ± 1 such that w is taken to £l WjA such that 

Qw,a G w, (SI w ,a\uo) = 1. (17) 

In particular, Q Vo ,a = vq. Observe that at this stage the leaf lift is just 
a rebranding of the classical notion of an affine chart. 

The following lemma records immediate properties of the leaf lift . 

Lemma 6.6. Let ||.||i be a Euclidean norm on M. n and d\ the associated 
metric on RP(m)*. If A = (x,y, (u,v)) G F, then there exist constants 
K\ > and a.\ > such that for Wq, W\ G MP(m)* 

• If di(wi,y) ^ ol\, for i — 0, 1, then 

\\^w ,A - tt WljA \\i ^ K x dx (w ,iwi) , 

• If \£l w . )A — O^aIIi ^ Oil for i = 0,1, then 

di(w ,wi) ^ KiWttug^ - tt WltA \\x. 

If Z = (x, y, (uq, vq)) G Fp and W = (x, w, (uq, v)) G C^, then we 
define the leaf lift 

Let do be the metric on F p produced by Proposition 6.6. Let |.| be 
a continuous T-equivariant map from F p to the space of metrics on M m . 

The following result allows us to use the leaf lift to bound distances 
mF p 

Proposition 6.7. Let do be a Y -invariant metric on F p which is locally 
bilipschitz equivalent to a linear metric and let ||.|| be a V -invariant map 
from F p into the space of Euclidean metrics on M. m . There exist positive 
constants K and a such that for any Z G F p and any W G C~ z , 

• if d (W, Z) ^ a, then 

\\uj w , z -uJz,z\\ z ^Kd {W,Z), (18) 
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• if \\uw,z — u z,z\\ z ^ ol then 

d {W,Z) ^K\\u w>z -u Zt z\\ z . (19) 

Proof. Since T acts cocompactly on F p and both do and the section 
|.| are T-invariant, it suffices to prove the previous assertion for Z in a 
compact subset R of F p . Observe first that do is uniformly C-bilipschitz 
on R to any of of the linear metrics dz coming from \\.\\z for Z in R 
for some constant C. 

Lemma 6.6 implies that, for all Z G R, there exist positive constants 
K z and a>z such that if Wq, W\ G C z D O, then 

• If d {Wi, Z) <: az for i = 0, 1, then 

\\uw ,z - uw u z\\ z ^ K z d (W , Wi) , 

• If \\u WitZ - ^z,z\ z ^ «z for z = 0, 1, then 

do (W , Wi) < ^z||^w ,2 - <*>Wi,z\\z- 
Since i? is compact, one may apply the classical argument which es- 
tablishes that continuous functions are uniformly continuous on com- 
pact sets, to show that there are positive constants K and a which 
work for all Z G R. □ 

6.5. The geodesic flow is Anosov. The following result completes 
the proof of Proposition 6.1 

Proposition 6.8. [Anosov property] Let p : T ->■ SL m (R) be a 
convex Anosov representation, and let C x be the laminations on \J p T 
defined above. Then there exists a metric on D p T, Holder equivalent to 
the Holder structure on li p T, such that 

(1) C + is contracted by the flow, 

(2) L~ is contracted by the inverse flow, 

We first show that the leaf lift is contracted by the inverse flow. 

Lemma 6.9. There exists a V -invariant map Z y \\.\\ z from F p into 
the space of Euclidean metrics on W 71 , such that for every positive in- 
teger n, there exists t > such that if t < —t , Z G F p , and W G C z 
then 

\\^MW)MZ) ~ ^Mz),MZ)\\ M z) ^ ^\\ Uw > z ~ Uz M\z- ( 20 ) 

The following notation will be used in the proof. 

• For a vector space A and a subspace B C A, let 

B ± = {tu G A* | B C ker(w)}. 
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• We consider the T-invariant splitting of the trivial IR m -bundle 

F p x R m = S © 6 

— where S is the line bundle over F p such that the fiber above 
(x, y, (u,v)) is given by and 

- 9 is a hyperplane bundle over F p with fiber 9(y) above the 
point (x,y, (u,v)) G F p . 

Proof. Suppose that Z = (x,y, (u ,v )) and W = (x,w, (u ,v)) G 
then by the definition of the leaf lift 

(uw,z - uz,z)(uo) = 0, 

and thus 

where aw,z G ^(x) -1 . Then 

<M^w,z) = 4>t(aw,z) + <fit(uz,z)- 

We choose a T-invariant map from F p into the space of Euclidean met- 
rics on IR m so that for all Y G F p 

\\uy,y\\ y = 1- 

Then 

1 

^ t (z),^(z) - Ti— 7 rn <Pt{u z ,z) 

\\<Pt{u Z ,z)\\ MZ) 



hence 

^0 t (VK),</» t (Z) - Ti— ; rn h^( Z )^ t (x). 

\\(Pt{uz y 



^t(Z) 



It follows that 

\\4>t{®w,z) 

\\u M w)MZ)-u M z),MZ)\\ MZ) = U t (u z , z )\ 



Since p is convex Anosov, and (U p r, {4>t}t£R) is a Holder reparameter- 
ization of (Uor, {ipt}tm)y there exists ti > so that for all Z G F p and 
for all t < —t±, if w G and u> G 0^ , then 

\WMmz) ^ 1 

ll&MUz) " 2 

Thus, since q^z G E z and cu^.z G 9^, for all n G N and t < —nti, we 
have 



M 


\z 




\\ w \ 


\z 



\^MW)MZ) -^Mz)Mz)\\ MZ) 



1 


\ a w,z\ 


\z 


2 n | 


\ u z,z\ 


z 



THE PRESSURE METRIC FOR CONVEX REPRESENTATIONS 39 

Since a.y/,z = ^w,z — ^z,z an d \\u)z,z\\ z = L the previous assertion 
yields the result with to = —nt\. □ 

We are now ready to establish Proposition 6.8. 

Proof of Proposition 6.8: Let K and a be as in Proposition 6.7. Choose 
n G N so that 

K K 2 1 

— < 1, — < - 21 

Let to be the constant from Lemma 6.9 with our choice of n. 

Suppose that Z G F p , W G C z and d (W, Z) ^ a. Then, by In- 
equality (18), 

\\u W:Z -u; ZiZ \\^Kd (W,Z). (22) 

By Lemma 6.9, 

\\^MW),MZ) ~ ^MZ),MZ)\\ MZ) < 2^\\ u w,z ~ Wz,z\\ z - (23) 

In particular, combining Equations (22), (23) and (21), 

1 
2 



UMW),MZ) -^MZ),MZ)\\ MZ) < < ( 24 ) 



Thus, using Inequality (19), 

do(M w )^t( z )) < K\\u MW ),mz) ~ u M z),MZ)\\ M zy ( 25 ) 
Combining finally Equations (22), (23), (23) and (21), we get that 

do(UW), UZ)) ^ ^d (W, Z) ^ ±d (W, Z) (26) 

for all t < — t . 

Therefore C~ is contracted by the inverse flow on F p . 

Let us now consider what happens in the quotient U p r = F p /T. For 
any Z G F p and e > 0, let 

Cf(Z) = C z nB(Z,e). 

and let 

K e (Z) = U z (Ct(Z) x C;(Z) x (-e,e)) , 

where Hz is the product structure of Proposition 6.5. By Proposition 
5.1, there exists eo > such that for all 7 G T \ {1} and Z G F p , 

T (ifji))nif £0 = i 

Let e G (0, min{eo/2, a}) and Z G U p r. Choose Z G F p in the pre 
image of Z, then inequality (26) holds for the inverse flow on U p r for 
points in the chart which is the projection of K e (Z). Therefore, £~ is 
contracted by the inverse flow on U p r. 
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A symmetric proof holds for the central stable leaf. 

7. Thermodynamics formalism 

7.1. Holder flows on compact spaces. Let X be a compact metric 
space with a Holder continuous flow = {0 t } igK without fixed points. 
We denote by the vector field along the orbits generating 

7.1.1. Flows and parametrisations . Let / : X — > R be a positive Holder 
continuous function. The reparametrization of the flow by / is the 
flow <j)f = {4>{}tm on X generated, along the orbits, by the vector field 

J at- 

7.1.2. Livsic- cohomology classes. Two Holder functions /, g : X — > R 
are Livsic- cohomologous if there exists V : X — > R of class C 1 in the 
flow's direction such that 

f{x)-g{x)= ^ n^tW). 

Then one easily notices that: 

(1) If / and g are Livsic cohomologous then they have the same 
integral over any ^-invariant measure, and 

(2) If / and g are both positive and Livsic cohomologous, then the 
flows 0^ and (ft 9 are Holder conjugate. 

7.1.3. Periods and measures. Let O be the set of periodic orbits of <ft. 
If a G O then its period as a {<p{ } periodic orbit is 

rp{a) 

/(&(z))da 



where p(a) is the period of a for and x G a. In particular, if <5 a is the 
probability measure invariant by the flow and supported by the orbit 
a, and if 

a ~ (W 

then 

(5a|/) = / P /(^(^))d« and p(o) = (<5 a |l> . 



o 



In general, if /i is a 0-invariant measure on X and / : X — > R is a 
Holder function, we will use the notation 

(Ai|/> = / /d/i. 
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Let fi be a ^-invariant probability measure on X and let <fr be the 
reparametrization of <fi by /. We define f.fi to be the probability mea- 
sure 

n = W) u - 

Then the map [i i— y f./j, induces a bijection from the space of ^-invariant 
probability measures to the space of ^-invariant probability measures. 
If 5[ is the unique cj)f invariant probability measure supported by a, 
then S[ = f.5 a . In particular, we have 

<&> = <gjf> (27) 

7.1.4. Entropy, pressure and equilibrium states. If = {ifttjtm is a 
flow on a metric space X and /i is a ^-invariant probability measure on 
X, then we define h(i/},fi) to be the metric entropy of i/j with respect 
to /i. The Abramov formula [1] relates the metric entropies of a flow 
and its reparameterization: 

h( ( j) f ,fi) = 1 4^-h( ( j),fi). (28) 

Let .M^ denote the set of 0-invariant probability measures. The 
pressure of a function / : X — y R is defined as 

P(0,/) = sup (h{<l>,m)+ [ /dm). (29) 
meA<* V JX J 

In particular, 

/i top (0) = P(0,O) 

is the topological entropy of the flow 0. 
A measure m G on X such that 



P(0,/) = /i(0,m)+ / /dm, 
Jx 



is called an equilibrium state of /. 

An equilibrium state for the function / = is called a measure of 
maximal entropy. 

Remark: The pressure P(0t, /) only depends on the Livsic cohomol- 
ogy class of /. 

The following lemma from Sambarino [51] is a consequence of the 
definition and the Abramov formula. 
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Lemma 7.1. (Sambarino [51, Lemma 2.4]) If (p is a Holder continuous 
flow on a compact metric space X and f : X — >• R is a positive Holder 
continuous function, then 

P( ( f ) ,-hf)=0 

if and only if h = ht op (<f) ■*). 

Moreover, if h = h top (<j)f) andm is an equilibrium state of—hf, then 

f.m is a measure of maximal entropy for the reparameterised flow (j>* . 

7.2. Metric Anosov flows. We shall assume from now on that the 
flow {(f>t}t<m is a topologically transitive metric Anosov flow on a com- 
pact metric space X (recall that metric Anosov flows are defined in 
Subsection §6.5). 

7.2.1. Livsic's Theorem. Livsic [38] shows that the Livsic cohomology 
class of a Holder function / : X — > R is determined by its periods: 

Theorem 7.2. If <fi is a topologically transitive metric Anosov flow on 
a compact metric space X and f : X — >■ R is a Holder function, then 
(da\f) = for every a G O if and only if f is Livsic cohomologous to 
zero. 

7.2.2. Coding. We say that the triplet (£a, tt, r) is a Markov coding for 
{4>t}teR if is a subshift of finite type, n : — > X and r : — > 
are Holder continuous and the function ir r : xl-fl defined as 

■K r (x,t) = (f) t 7r(x) 

verifies the following conditions: 

(i) ii r is surjective and Holder, 

(ii) let a : XU -> T, A be the shift and let f : E A x R -»■ S A x R be 
defined as f(x,t) = (o~x,t — r(x)), then ir r is f-invariant, 

(iii) 7r r : xR/f — > X is bounded-to-one and injective on a residual 
set which is of full measure for every ergodic invariant measure 
of total support (for a{), 

(iv) consider the translation flow a[ : T,a x R/f — > x R/f then 

7r r a[ = ^tTT,.. 

One has the following theorem of Bowen [12, 13]. 

Theorem 7.3. A topologically transitive metric Anosov flow on a com- 
pact metric space admits a Markov coding. 

Remark: Bowen's original work is done in the setting of flows on 
smooth manifolds. Mane [41, Section IV. 9] generalizes Bowen's tech- 
niques to the setting of hyperbolic homeomorphisms on compact metric 
spaces. We use Mane's formulation of the definition of a Markov coding 
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which also applies in our setting. Mane also discusses the analogues of 
Theorems 7.4 and 7.6 in his setting. 

7.3. Entropy and pressure for Anosov flows. The thermodynamic 
formalism of suspensions of subshifts of finite type extends thus to 
topologically transitive metric Anosov flows. For a positive Holder 
function / : X — > R + and T £ R, we define 

R T (f) = {aeO\(5 a \f)^T}. 

Observe that Rr{f) only depends on the cohomology class of /. 

7.3.1. Entropy. For a topologically transitive metric Anosov flow Bowen 
[12] showed: 

Proposition 7.4. The topological entropy of a topologically transitive 
metric Anosov flow <fi = {<p t }tm on a compact metric space X is finite 
and positive. Moreover, 

frtopO) = lim - log (J {a eO\ p(a) < T} . 

T— too ]_ 

In particular, for a nowhere vanishing Holder continuous function /, 

h f = lim IlogtK J R T (/)) = ^o P (0 / ) 
is finite and positive. 

7.3.2. Pressure. The Markov coding may be used to show the pressure 
of a Holder function g : X — > R is finite and that there is a unique 
equilibrium state of g. We shall denote this equilibrium state as m g . 

Theorem 7.5. [Bowen-Ruelle [14]] Let = {(f) t }tm be a topologi- 
cally transitive metric Anosov flow on a compact metric space X and 
let g : X — >■ R be a Holder function, then there exists a unique equilib- 
rium state m g for g. Moreover, if f : X — )• R is a Holder function such 
that nif = m g , then f — g is Livsic cohomologous to a constant. 

The pressure function has the following alternative formulation in 
this setting (see Bowen-Ruelle [14]): 



(30) 
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7.3.3. Measure of maximal entropy. We have the following equidistri- 
bution result of Bowen [12]. 

Theorem 7.6. A topologically transitive metric Anosov flow <p = {4>t}tm 
on a compact metric space X has a unique probability measure of 
maximal entropy. Moreover, 

The probability measure of maximal entropy for <p is called the 

Bowen-Margulis measure of 0. 

7.4. Intersection and renormalised intersection. 

7.4.1. Intersection. Let <fi = {4>t}teR be a topologically transitive met- 
ric Anosov flow on a compact metric space X. Consider a positive 
Holder function / : X — > R + and a continuous function g : X — > R. 
We define the intersection of f and g as 



l (f,g) = J T d /V> 



where \i^s is the Bowen-Margulis measure of the flow $ . We also have 
the following two alternative ways to define the intersection 

<32) 

f qdm_h r f 

i(f,g) = t4h 33 
J f&n-hf.f 

where hf is the topological entropy of and m_h f f is the equilibrium 
state of —hf.f. The first equality follows from Theorem 7.6 and Equa- 
tion (27), the second equality follows from the second part of Lemma 
7.1. 

Since (S a \f) depends only on the Livsic cohomology class of / and 
(S a \g) depends only on the Livsic cohomology class of g, the intersection 
I(f,g) depends only on the Livsic cohomology classes of / and g. 

7.4.2. A lower bound on the renormalized intersection. For two positive 
Holder functions f,g:X—> M + define the renormalized intersection as 

J(f,g) = ^I(f,g), 
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where hf and h g are the topological entropies of 0^ and (p 9 . Uniqueness 
of equilibrium states together with the definition of the pressure imply 
the following proposition. 

Proposition 7.7. If <ft = {<f) t }teR is a topologically transitive metric 
Anosov flow on a compact metric space X , and f : X — > M + and 
g : X — > 1R + are positive Holder functions, then 

3(f,g)>l. 

Moreover, 3(f,g) = 1 if and only if hff and h g g are Livsic cohomolo- 
gous. 

Proof. Since P(0, —h g .g) = 0, 

h g / g dm ^ h((f),m) 



for all m £ M.^ and, by Theorem 7.5, equality holds only for m = 
m_ hg g, the equilibrium state of —h g g. Applying the analogous inequal- 
ity for m_ hf f, together with Abramov's formula (28) and Lemma 7.1, 
one sees that 



h g J gdm_ hf . f ^ h((f},m^ hf . f ) = h f J f dm. 



h f .f, 



which implies that J(f,g) ^ 1. 

If J(f,g) = 1, then m_ hg g = m_ hj .f and thus, applying theorem 7.5, 
one sees that h g g — hff is Livsic cohomologous to a constant c. Thus, 

= P(0, -h g g) = P(0, -hff -c) = P(0, -hff) -c=-c. 

Therefore, h g g and hff are Livsic cohomologous. □ 

7.5. Variation of the pressure and the pressure metric. 

7.5.1. First and second derivatives. Define the variance of a function 
g with respect to / as 

Var(^,mj) = ^lim^i J (J 5-(0 s (x))ds^ dm f (x), 

where mf is the equilibrium state of /. We shall omit the background 
flow in the notation of the pressure function and simply write 

P(-) = P(0r)- 

Proposition 7.8. (Parry-Pollicott [44, Prop. 4.10,4.11], Ru- 
ELLE [49]) Suppose that = {4>t}tm is a topologically transitive met- 
ric Anosov flow on a compact metric space X, and f : X — > M and 
g : X — )• E are Holder functions. If mf is the equilibrium state of f , 
then 
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(1) The function t i— >■ P(/ + tg) is analytic, 

(2) TTie /irsi derivative is given by 

dP{f + tg) 



dt 

(3) If J gdrrif = then 

d 2 P(f + tg) 



t=o 



9dm f , 



dt< 



= Vai(g,m f ), 

t=o 

(4) IfV&r(g,mf) = then g is Livsic cohomologous to zero. 

7.5.2. Pressure zero functions. Let C h (X) be the set of real valued 
Holder continuous functions on X. Define V(X) to be the set of Livsic 
cohomology classes of pressure zero Holder functions on X, i,e, 

V[X) = {$ G C h {X) : P($) = 0} / ~ . 

The tangent space of V(X) at $ is the set 



T. P (X) = te d.P={, eC »(X)|/ 9 d m . = o} 



/ 



where m$ is the equilibrium state of $. Define the pressure norm of 
^ G T$V(X) as 

2 Var(g, m $ ) 

One has the following computation. 

Lemma 7.9. Let <p = {4>t}teR be a topologically transitive metric Anosov 
flow on a compact metric space X. If {$>t}te(-i,i) is a smooth one pa- 
rameter family contained in V(X), then 



1$ 



2 = / $0 dm $0 



Proof. As P($t) = by differentiating twice we get the equation 
D 2 P($o)($ ,$ )+DP($ )($o) =0 = Var(<i>o,m $o ) + J $ dm $0 . 



Thus 

11*011 



Var($ , J$odm$ 

□ 



We then have the following relation, generalizing Bonahon [11], be- 
tween the renormalized intersection and the pressure metric. 
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Proposition 7.10. Let = {<f) t }tm be a topologically transitive metric 
Anosov flow on a compact metric space X . If {f t : X — > M. + } te r-iu is 
a one-parameter family of positive Holder functions and $ t = —hf t f t 
for all t G (—1, 1), then 

J(fo,ft) = II^oHp- 

Proof. By Equation (33) and the definition of the renormalised inter- 
section, we see that 

J{JO,Jt — FT j • 

J $ dm $0 

Differentiating twice and applying the previous lemma, one obtains 



dt< 



j(/o,/«)=II4^=ii*» 



t=0 



/ $0 dm$ 



2 
P 



which completes the proof. □ 

7.6. Analyticity of entropy, pressure and intersection. We now 

show that pressure, entropy and intersection vary analytically for ana- 
lytic families of positive Holder functions. 

Proposition 7.11. Let <p = {<pt}t£R be a topologically transitive metric 
Anosov flow on a compact metric space X . Let {f u : X — > R} u6 £> and 
{g v : X — > M}„ 6 z) be two analytic families of Holder functions. Then 
the function 

u i y P(f u ) 

is analytic. Moreover, if the family {f u } u& D consists of positive func- 
tions then the functions 

u h u = h fu , (34) 
(u,v) f-> l(f u ,g v ). (35) 

are both analytic. 

Proof. Since the Pressure function is analytic on the space of Holder 
functions, see Parry-Pollicott [44, Prop. 4.7] or Ruelle [49, Cor. 5.27], 
the function u H- P(f u ) is analytic. 

Since the family {f u }ueD consists of positive functions, Proposition 
7.8 implies that 

— P(-t/ u ) = -h u / f u dm. hufu < 0. 

t=h u J 

Thus an application of the Implicit Function Theorem yields that u t-> 
h u is analytic. 
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We also get that 

d 

{u,v,t) i ^ — 



P(-h u f u + 



t=o 



is analytic. But, applying Proposition 7.8 again 
d 



dt 



-h u fu + tg v ) = J g v dm_ hufu . 



P( 

i=0 

Thus the function (u, v) t- > J g v &m_h u f u is analytic. Similarly (taking 
9v = fu), the function u (->• J f u dm-h u f u is analytic. Thus, we get, by 
Equation (33) that 

/ \ t/ p \ / 9vdm_ hufu 

is analytic. 



□ 



8. Analytic variation of the dynamics 



In order to apply the thermodynamic formalism we need to check 
that if {p u }ueM is an analytic family of convex Anosov representations, 
then the associated limit maps and reparameterizations of the Gro- 
mov geodesic flow may be chosen to vary analytically, at least locally. 
Our proofs generalize earlier proofs of the stability of Anosov repre- 
sentations, see Labourie [32, Proposition 2.1] and Guichard-Wienhard 
[24, Theorem 5.13], and that the limit maps vary continuously, see 
Guichard-Wienhard [24, Theorem 5.13]. In the process, we also see 
that our limit maps are Holder. 

We will make use of the following concrete description of the analytic 
structure of Hom(r, G). Suppose that T is a word hyperbolic group, 
hence finitely presented, and let {gi, . . . , g m } be a generating set for T. 
If G is a real semi-simple Lie group, then Hom(r, G) has the structure 
of a real algebraic variety. An analytic family ft : M — > Hom(r, G) of 
homomorphisms of V into G is a map with domain an analytic manifold 
M so that, for each i, the map fti : M — > G given by fti{u) = ft(u)(gi) 
is real analytic. If G c is a complex Lie group, we may similarly de- 
fine complex analytic families of homomorphisms of a complex analytic 
manifold into Hom(r, G ). 

We first show that the limit maps of an analytic family of Anosov 
homomorphisms vary analytically. We begin by setting our notation. 
If a > 0, X is a compact metric space and D and M are real-analytic 
manifolds, then we let C a (X, M) denote the space of a-Holder maps of 
X into M and let C U (D, M) denote the space of real analytic maps of 
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D into M. If D and M are complex analytic manifolds, we will abuse 
notation by letting C W (D,M) denote the space of complex analytic 
maps. 

Theorem 8.1. Let G be a real semi-simple Lie group and let P be 
a parabolic subgroup of G. Let {p u } u eD be a real analytic family of 
homomorphisms ofT into G parameterized by a disk D about 0. If po is 
a (G, P)-Anosov homomorphism with limit map £o : d^T — \ G/P, then 
there exists a sub-disk D Q of D ( containing 0), a > and a continuous 
map 

t-.Doxd^T^ G/P 
with the following properties: 

(1) If u G -Do, then p u is a (G, P)-Anosov homomorphism with a- 
Holder limit map £ u : d^T — > G/P given by = ■). 

(2) If x £ d^T, then £ x : D — > G/P given by £ x = £(-,x) is real 
analytic 

(3) The map from d^T to C u (Dq,G/P) given by x H- ^ x is a- 
Holder. 

(4) The map from D to C a (dooT,G/P) given by u — > ^ u is real 
analytic. 

Recall, from Section 6.1, that given a convex Anosov representation 
p : r — > SL m (R), we constructed a geodesic flow U P T which is a repa- 
rameterization of the Gromov geodesic flow UoT\ In this section, we 
show that given a real analytic family of convex Anosov representions, 
one may choose the parameterizing functions to vary analytically. 

Proposition 8.2. Let {p u } u eD be a real analytic family of convex 
Anosov homomorphisms of T into SL m (M) parameterized by a disk 
about 0. Then, there exists a sub-disk Dq about and a real ana- 
lytic family {f u : \]qY — > M} ug £) of positive Holder functions such that 
the reparametrisation of UoT by f u is Holder conjugate to U Pu r for all 
u e D . 

We actually derive Theorem 8.1 from the following more general 
statement for complex analytic families by complexifying. 

Theorem 8.3. Let G c be a complex semi-simple Lie group and let P c 
be a parabolic subgroup of G c . Let {p u } u eD c be a complex analytic (or 
C k for k > 1 ) family of homomorphisms of V into G parameterized by 
a complex disk D c about 0. If po is a (G c , P c )-Anosov homomorphism 
with limit map £ : ^ocT — > G c /P c , then there exists a sub-disk Dq of 
D c ( containing 0), a > and a continuous map 

£ : D C x G/P 



50 



BRIDGEMAN, CANARY, LABOURIE, AND SAMBARINO 



with the following properties: 

(1) If u G Dq, then p u is a (G c , P c )-Anosov homomorphism with 
a-Holder limit map £ u : dooY — > G c /P € given by £ u (-) = £(u, •). 

(2) If x e d^T, then £ x : D$ ->■ G c /P c careen fry £ x = zs 
complex analytic (respectively C ) 

(3) T/ie map from d^T to C U (D^, G c /P c ) (respectively C k (D%, G c /P ( 
gwen by x ^ x is a-Holder. 

(4) TTie map /rom .Dq to C a (<9oor, G c /P c ) given by u — >■ com- 
plex analytic (respectively C k ~ x ). 

We now show that Theorem 8.1 follows from Theorem 8.3. 

Proof of Theorem 8.1: Observe that a (G, P)-Anosov representation is 
automatically a (Gc, Pc)-Anosov representation. On a sub-disk D\ of 
-D, containing 0, one may extend {p u }ueD! to a complex analytic family 
{Pu} u &d c °f homomorphisms of T into G c defined on the complexifica- 
tion of Di. The map f : x d^r -> G c /P c provided by Theorem 
8.3 restricts to a map £|d : -D x d^T — >■ G/P with the properties 
required by Theorem 8.1. Notice that the real analyticity in properties 
(2) and (4) follows from the fact that restrictions of complex analytic 
functions to real analytic submanifolds are real analytic. 

8.1. Transverse regularity. The proof of Theorem 8.3 makes use of 
a version of the C r -section Theorem of Hirsch-Pugh-Shub [27, Theo- 
rem 3.8] which keeps track of the transverse regularity of the resulting 
section. 

8.1.1. Definitions. We begin by introducing the terminology necessary 
to keep track of the desired transverse regularity. 

Definition 8.4. [transversely regular functions] Let D c be a 
complex disk, let X be a compact metric space and let M be a com- 
plex analytic manifold. A continuous function f : D c x X — >■ M is 
transversely complex analytic if X is a complex analytic manifold and 

• For every x 6 X , the function f x : D c — > M given by f x {) = 
f(-,x) is complex analytic, and 

• The function from X to C U (D 1 , M) given by x — >■ f x is contin- 
uous. 

Furthermore, we say that f is a-Holder (or Lipschitz) transversely com- 
plex analytic if the map in (2) is a-Holder (or Lipschitz). 

If we replace D c with a real disk D and M with a real analytic 
manifold (or C fc -manifold) , we can similarly define a- Holder (or Lips- 
chitz) transversely real analytic (or C k ) functions by requiring that the 
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maps in (1) are real analytic (or C k ) and requiring in (2) that the map 
from X to C W (D,M) (or to C P {D,M) for all p < k) is a-Holder (or 
Lipschitz). 

Similarly, we define transverse regularity of bundles in terms of the 
transverse regularity of their trivializations. 

Definition 8.5. [tranversally regular bundles] Suppose that 
the fiber of a bundle ir : E — > D c x X is a complex analytic manifold 
M. We say that E is transversely complex analytic if it admits a family 
of trivializations of the form {D c x U a X M} (where {U a } is an open 
cover of X) so that the the corresponding change of coordinate functions 
are transversely complex analytic. We similarly say n : E — > D c x X 
is a- Holder (or Lipschitz) transversely complex analytic if it admits a 
family of trivializations which are a-Holder (or Lipschitz) transversely 
complex analytic. 

In this case, a section of E is a-Holder (or Lipschitz) transversely 
complex analytic, if in any of the trivializations the corresponding map 
to M is a-Holder (or Lipschitz) transversely complex analytic 

Clearly, if we replace D with a real disk D and M with a real 
analytic manifold (or C fc -manifold), then we can similarly define a- 
Holder (or Lipschitz) transversely real analytic (or C k ) bundles and 
sections. 

8.1.2. A C -Section Theorem. We are now ready to state the result 
we will use in the proof of Theorem 8.3. See Hirsch-Pugh-Shub [27, 
Theorem 3.8] and Shub [53, Theorem 5.18] for complete treatments of 
the C r -Section Theorem. 

Theorem 8.6. Let X be a compact metric space and let M be a complex 
analytic ( or C k ) manifold. Suppose that n : E — > D c x X (or it : E — )■ 
DxX) is a Lipschitz transversely complex analytic (orC k ) bundle with 
fibre M . Let f : X — > X be a Lipschitz homeomorphism and let F be a 
Lipschitz transversely complex analytic ( or C k ) bundle automorphism 
of E lifting id x / . 

Suppose thatao is a section of the restriction of E over{0}xX which 
is fixed by F and that F contracts along ctq. Then then there exists a 
neighborhood U of in D c (or in D), a positive number a > , and a 
a-Holder transversely complex analytic (or C k ) section rj over Dq x X 
(or D x X ) and a neighborhood B of rj(U x X) in 7r -1 ([/ x X)such 
that 

(1) F fixes rj, 

(2) F contracts E along r\, 

(3) ??|{o}xx = °o, and 
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(4) if v : U x X — > E is a section so that u{U x X) C B and v is 
fixed by E, then v — rj. 

We recall that if U is a subset of D c (or of D), then a section o 
over U x X is fixed by F if F(cr(u,x)) = a(u, f(x)). In such a case, 
we further say that F contracts along a if there exists a continuously 
varying fibrewise Riemannian metric || • || on the bundle E such that if 

U f F a{UiX) : T CT(U)a;) 7r _1 (/u,:r) ->■ T a{uJ{x)) n~ l {uJ{x)) 

is the fibrewise tangent map, then 

IID^^H < 1. 

We will derive Theorem 8.6 from the following version of the C r - 
section theorem which is a natural generalization of the ball bundle 
version of the C r -section theorem in Shub [53, Theorem 5.18]. 

Theorem 8.7. [FIXED SECTIONS] Let X be a compact metric space 
equipped with a Lispchitz homeomorphism f : X — > X. Suppose that 
7r : W — > D c x X (or n : W — > D x X ) is a Lipschitz transversely 
complex analytic ( or C k ) Banach space bundle, B C W is the closed 
ball sub-bundle of radius r, and F is a Lipschitz transversely complex 
analytic (or C k ) bundle morphism of B lifting the homeomorphism 
id x / : D x X -+X. 

If F contracts B, then there exists a unique a-Holder transversely 
complex analytic (or C k ) section t] of B which is fixed by F (for some 
a > 0). 

Notice that we have not assumed that F is either linear or bijective. 

Proof. Let a be the zero section of B. Observe that a has the same 
regularity as W and is thus transversally complex analytic (or C k ). 

We first assume that it : W D x M is a, Lipschitz transversely 
C fc -bundle. The existence of a unique continuous fixed section rj is a 
standard application of the contraction mapping theorem. Explicitly, 
for all (u, x) G D x X, we let 

rj(u,x) = lim F n (a(u, f~ n (x)). (36) 

n— >oo 

We must work harder to show that rj is a-Holder transversely com- 
plex analytic (or C k ). We first assume that W is transversely C k -and 
so is a- and obtain the C fc -regularity of r]. For any p G N, let T p be the 
Lipschitz Banach bundle over X whose fibers over a point x G X is the 
Banach space T p x of C p -sections of the restriction of W to D x {x}. Let 
B p be the sub-bundle whose fiber B p over x is the set of those sections 
with values in B. 
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Notice that each fiber B v x can be identified with C V [D x {x},Bq) 
where B is a closed ball of radius r in the fiber Banach space. Let Fg 
be the bundle automorphism of T p given by 

We can renormalise the metric on D, so that all the derivatives of F 
of order n (with p ^ n ^ 1) along D are arbitrarily small. Thus after 
this renormalisation the metric on D, F£ is contracting, since F is 
contracting. We now apply Theorem 3.8 of Hirsch-Pugh-Shub [27] (see 
also Shub [53, Theorem 5.18]) to obtain an invariant a-Holder section 
u. By the uniqueness of fixed sections, we see that 

T)(u, x) = U)(x)(u) 

for all 1 < p < k. It follows that rj is a-H6lder transversely C k . 

Now suppose that n : E — > D c x X is Lipschitz transversely complex 
analytic bundle. We see, from the above paragraph, that there exists a 
unique a-H6lder transversely C k section % for all k. By the uniqueness 
7]k is independent of k and we simply denote it by rj. Then, by Formula 
(36), for all x £ X, r/\ D c x ^ is a C fc -limit of a sequence of complex 
analytic sections for all k, hence is complex analytic itself. It follows 
that r\ is a-Holder transversely complex analytic. □ 

We now notice that one may identify a neighborhood of the section 
o"o in the statement of Theorem 8.6 with a ball sub-bundle of a vector 
bundle. We first prove the statement we need assuming the existence 
of a section defined in a neighborhood of {0} x X . 

Lemma 8.8. Letix : E — > D c xX (or7r:E—^DxX)bea transversely 
complex analytic (or C k ) bundle over D c x X and let a be a section of 
E defined over D c x X (or D x X ). Then there exists 

• a neighborhood U of zero in D, 

• a transversely complex analytic ( or C k ) closed ball bundle B of 
radius R in a complex vector bundle F, 

• a transversely complex analytic (or C k ) bijective map from B 
to a neighborhood of the graph of <j so that 

— the graph of <r = °"|{0}xx is in the image of the graph of 
the zero section, 

— the fibrewise metric on B coincides along <To with the fiber- 
wise metric on E. 

Proof. Let Z be the transversely complex analytic (or C k ) vector bun- 
dle over U x X so that the fibre over the point (u, x) is given by 
T (T ( u>a ;)(7r~ 1 (M, x)). We equip Z with a Riemannian metric coming from 
E and let B{r) be the closed ball sub-bundle of radius r > 0. 
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Using the trivializations, we can find, after possibly further restrict- 
ing U, 

• a finite cover {Oi}i^ n of X, 

• an open neighborhood W of the graph of a, 

• transversely holomorphic bundle maps <f>\ defined on W^ljyxo 
with values in Z\ UxQ , so that for all (u,x) G U x Oi 

(j>i(a(u,x)) = OgT^)^" 1 ^,!)) 

= Id. (37) 

Let be a partition of unity on X subordinate to {Oj}i<gj<g n 

and, for each i, let fa : W —> [0, 1] be obtained by composing the 
projection of W to X with fa. One may then define $ : W — > Z by 
letting 

n 
i=l 

Since ^ is constant in the direction of D, $ is transversely holomorphic, 

$(a(u,x)) = and D^ fe) $ = Id. 

It then follows from the implicit function theorem, that one may further 
restrict U and W so that $ is a transversely holomorphic isomorphism 
of W with B(r) for some r. □ 

We now obtain a version of Lemma 8.8 where we only assume the 
existence of a section defined over {0} x X. 

Lemma 8.9. Let it : E — > D c xX (orir-.E^-DxXjbea transversely 
complex analytic (or C ) bundle over D c x X and let o"o a section of 
E defined over {0} x X . Then there exists 

• a neighborhood U of zero in D, 

• a transversely complex analytic (or C ) closed ball bundle B of 
radius R in a complex (or real) vector bundle V , 

• a transversely complex analytic (or C k ) bijective map from B 
to a neighborhood of the graph of a so that 

— the graph of a"o is in the image of the graph of the zero 
section, 

— the fibrewise metric on B coincide along o~o with the fiber- 
wise metric on E. 

Proof. By Lemma 8.8, it suffices to extend the section er to a section 
a defined over U X X where U is a neighborhood of in D c (or in D). 
Composing ir with the projection 7r 2 : D c xl->l (or the projection 
7r 2 : D x X — > X), we may consider the bundle 7r 2 o ti : E — > X. 
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Then o"o is a section of t\2 7r. We now apply the previous Lemma, 
where the disk is O-dimensional, to identify, in a complex analytic way, 
a neighborhood of the graph of o"o with a ball bundle B in a vector 
bundle F over X. 

Now 7r restricts to a bundle morphism from tt o 7r 2 : B — > X to tt 2 : 
D c xJ —j- X (or 7T2 : DxX — > X) which is a fiberwise complex analytic 
(or C k ) submersion and whose fiberwise derivatives vary continuously. 
Let W be a linear sub-bundle of F, so that if W x and F x are the fibers 
over x £ X, then 

T(vr- 1 (0,x))©^ = F X . 

Thus, after further restricting B, it becomes a fiberwise complex ana- 
lytic injective local diffeomorphism from W (IB to D x X (or D x X) 
whose fiberwise derivatives vary continuously. 

Applying the Implicit Function Theorem (with parameter), we ob- 
tain a neighborhood U of and a map a : UxX — >■ -B which is fiberwise 
complex analytic (or C fc ) and whose fiberwise derivatives varies contin- 
uously, so that 7r o cr = Id. Thus a is the desired section of E. □ 

Theorem 8.6 now follows from Theorem 8.7 and Lemma 8.9. 

Proof of Theorem 8. 6: Let V be the complex (or real) vector bundle 
provided by Lemma 8.9. We know that || D^^FH < 1 for all x in 
X. After further restraining U and choosing r small enough, we may 
assume by continuity that for all y in B(r), \\D^F\\ < K < 1. 

After further restricting U, we may assume that for all u £ U and 
x £ X, we have 

||F( ( r(n,x))-a(n,/(x))K(l-X)r, 

In particular, if y £ £>(r) is in the fiber over (u,x), 

\\F(y)-a(u,f(x))\\ ^ \\F(y) - F(a(u, x))\\ 

+ \\F(a(u,x))-a(u,f(x))\\ 
sC Xr + (1 - X)r = r. 

Thus .F maps B[r) to itself and is contracting. We can therefore 
apply Theorem 8.7 to complete the proof. 

8.1.3. Regularity in C a (X, M) . The following lemma shows that trans- 
verse regularity of a continuous function / : D x X — > M implies 
regularity of the associated map of D into C a (X, M). 

Let X be a compact metric space and let M be a complex analytic 
(or C h ) manifold. If U is an open subset of M and V is a relatively 
compact open subset of X, then let 



W(U, V) = {ge C Q (X, M) I </(V0 C U}. 
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We will say that a map / from D to C a (X, M) is complex analytic (or 
C k ) if for any U and V as above and any complex analytic function 
: U — > C (or C k function <p : U -» R), the function defined on 
rHW^V)), by 

f(x) = <j ) of(x) J 
with values in C a (V,C) (or C a (V,M.) is complex analytic (or C k ). 

Lemma 8.10. Suppose that f : D x X — >• M zs a-Holder transversely 
C k , then the map f from D to C a (X,M) given by u — >• /„ where 

Similarly, if f : D c x X M is a-Holder transversely complex 
analytic, then the map f from D to C a (X,M) is complex analytic. 

Proof. We first give the proof in the case that M = C (or M = M.). 
Let || • ||ft be the C k norm on C k (D,M) and let || • || a be the Holder 
norm on C a (X,M). If D is dimenson n, then for any multi-index 
j = (ji, 32, ■ ■ ■ , jn), we define = d{\ . . . dfof. We further let \j\ = 
ji + • • • + j n - Then for for / G C fc (A M), < i < fc, the z' h derivative 
of / is the collection of functions D l f = (d^ f)\j\=i- Then 

k 

\\f\\ k = |#/(«)| = 5> u p ii^/hii 

where the final norm is the operator norm. We first suppose that 
/ : D x X M is a-Holder transversely Let / : X -> C fe (L>, M) 
be given by x — > f x where f x (-) = f(-,x). Our hypotheses imply that 
/ is a-H6lder. Therefore by definition of the C k norm, we have 

\\Rx)-Mh = \\f*-fv\\h = E SU P \P fM-d j f y {u)\\ < K\x-y\ a . 

\j\<k ueD 

Thus for ^ \j\ ^ k and «6D fixed, the functions x — >■ f x (u) are 
a-Holder and therefore in C a (X, M). For ^ z ^ k, we define to 
be the map x — > D l f x {u) ) or equivalently / l (tt) = (x — > f x (u))\j\ =i . 

We will show that f % is the i th derivative of / for % ^ k — 1. 

We proceed iteratively, starting with the k = 2 case. We will show 
that / is C 1 and that its derivative at u G £> is given by f x {u). Thus 
we need to show that 

hm \\fXu)-f(v)-f l (u)(u-v)\\ a _ Q 

v-tu 1 1 T£ — v\\ 

Fixing u, v in D, the numerator above is given by the Taylor remainder 
R : x ^ i2(x) = / x (u) - / x (u) - D x f x {u){u - v) 
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where the product on the righthand side is a vector product. Applying 
Taylor's formula with integral remainder to f x — f y , we get that 



I 112 

\u — v\ 



\R(x)-R(y)\ < " - " sup \\D 2 f x (w)-D 2 f y (w) 

w£[u,v] 





2 










\\u 


-v\ 


I 2 




2 




\\u 


— v\ 


2 



Wfx - fyh 



^ -K\x - y\ a , (3* 



for some K, where the last inequality comes from the hypothesis that 
/ is a-Holder. Thus 

\\Ru,v\\a<Kt^L. 

Therefore 

^ \\H*)-kv)-f>)(v-v)\\« = Hm WRuAa = Q 
v-^u 1 1 1£ — V || v-tu \\u — v\\ 

The first step follows. The result holds for k finite or infinite by induc- 
tion. 

If we assume that / : D c x X — > M is a-H6lder transversely complex 
analytic, then the first part of the argument implies that / is C k for 
all k. Then, since fix) satisfies the Cauchy-Riemann equations for 
all x our formula for D/ implies that / satisfies the Cauchy-Riemann 
equations, so is complex analytic. 

Now suppose that M is a complex analytic (or C k ) manifold. Let U, 
V and <p be as in the definition preceding this lemma. Observe that if 
/ : D x X H- M is a- Holder transversely complex analytic (or C k ), then 
so is its restriction fuy to f" 1 (W(U, V)) x V, and thus = (ft o fu,v 
is also a-H6lder transversely complex analytic (or C k ). Therefore, by 
the previous argument, is complex analytic (or C k ) as a map into 
C a (V, C) (or C a (V, E)). The result follows. □ 



8.2. Analytic variation of the limit maps. We are now ready to 
begin the proof of Theorem 8.3. Given a complex analytic family of 
representations which contains an Anosov representation, we construct 
an associated bundle where we can apply the results of the previous 
section to produce a family of limit maps. 

Let G be a complex Lie group and let P c be a parabolic subgroup. 
Let {p u }u£D c be a complex analytic family of homomorphisms of V into 
G so that po is (G c , P c )-Anosov. 
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We construct a G c /P c -bundle over D c x U r. Let 
A = D c x U^f x G c /P c 
which is a G c /P c -bundle over D c x Uor. Then 7 G T acts on A, by 
l(u,x, [g]) = (n,7(x), [p u (j)g]) 

and we let 

A = A/T. 

The geodesic flows on Uor and Uor lift to geodesic flows on A and 
A. (These flows act trivially on the D c and G c /P c factors.) 

Since po is (G c , P )-Anosov there exists a section Co of A over {0} x 
U r. Concretely, if £ : d^T G c /P c is the limit map, we construct 
an equivariant section <5" of A over {0} x Uor of the form 

(0,(x,y,t)) ->■ (0, (x,y,t),^ (a;)). 

The section 5"o descends to the desired section <To of A over {0} x Uor. 
One may identify the bundle over {0} x X with fiber T (TO ( a .)7r _1 (0, x) 
with Mp . Since the geodesic flow lifts to a contracting flow on J\f~, the 
flow {$ t } t6 iK is contracting along cxo(Uor). 

Theorem 8.6 then implies that there exists a sub-disk Df C D c con- 
taining 0, a > 0, and an a-Holder transversely complex analytic section 
77 : x Uor — > A that extends do, is fixed by {$ t } ie iR and so that 
{$ t } te iR contracts along rj. (More concretely, Theorem 8.6 produces, for 
large enough t, a section fixed by $ 4 so that $ f contracts along r\. One 
may then use the uniqueness portion of the statement to show that rj 
is fixed by $f for all t.) We may lift 77 to a section fj : Df x Uor — > A 
which we may view as a map f} : Df x UoT — > G c /P c . Since fj is flow- 
invariant and the flow is contracting, fj(u, (x,y,t)) depends only on x. 
Therefore, we obtain a transversely complex analytic map 

f : Df x d^T -> G c /P c 

which extends £o- The map ^ satisfies properties (2) and (3), since £ 
is a-Holder transversely complex analytic, while property (4) follows 
from Lemma 8.10. 

It remains to prove that we may restrict to a sub disk Dq of so 
that if u G Dq, then p u is (G c , P c )-Anosov with limit map £ u . Let Q c 
be a parabolic subgroup of G which is opposite to P c . Then there 
exists a Lipschitz transversely complex analytic G c /Q c -bundle A' over 
D c x UoT and we may lift the geodesic flow to a flow {&' t } on A'. Since 
po is (G c , P c )-Anosov, there exists a map # : c^r — y G c /Q c which 
gives rise to a section a' Q of A' over {0} x Uor such that the inverse 
flow is contracting on a neighborhood of cr ({0} x U r). We again 
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apply Corollary 8.6 to find an a'-Holder (for some a! > 0) transversely 
complex analytic section rj' : x UoT — > A' that extends a' , for 
some sub-disk D% of D c which contains 0, and is fixed by {$' 4 } tG R.The 
section rj' lifts to a section of rj' of A' which we may reinterpret as a 
map fj' : D% x U r — > G c /Q c so that f)'{x,y,t) depends only on y. So 
we obtain an a'-Holder transversely complex analytic map 

9 : D2 x dooT — »■ G c /Q c 

which restricts to 8q. Since £0 an d $0 are transverse, we may find a 
sub disk Dq of Df n D% so that { u and # u are transverse if u G . 
It follows that if u G Dq, then p u is (G c , P c )-Anosov with limit maps 
£ u and 9 U . This completes the proof of Theorem 8.3 in the complex 
analytic case. Notice that the entire argument also goes through in the 
C k setting. 

8.3. Analytic variation of the reparameterization. We now turn 
to the proof of Proposition 8.2. We begin by considering the C k case 

8.3.1. Transversely C k . Let {p u : Y — > SL m (IR)} lte £) be a C fc -family of 
convex Anosov representations. We first construct a Lipschitz trans- 
versely C k R m -bundle W over D^[) T. Let W = D x U^f x R m be 
the trivial M m -bundle over D x UoT. The group T naturally acts on 
W, where the action on the D factor is trivial, to produce the quotient 
bundle W. The Gromov geodesic flow on \J T may be extended to a 
flow on D x which acts trivially on the D factor and then lifted 
to a Lipschitz transversely C k flow {^t} on W (which acts trivially on 
the M. m factor upstairs). 

One can use a partition of unity associated to a family of trivializa- 
tion of the bundle W to construct a metric. 

Lemma 8.11. The bundle W admits a Lipschitz transversely C k met- 
ric G. 

Theorem 8.3 gives, possibly after restricting D, an a-Holder trans- 
versely C k map 

f : D x d^T G/P = KP(m), 

such that if u G D, then p u is convex Anosov with limit map £ u = 
£(u, •). Let L be the line sub-bundle of W over D x Uor associated 
with the limit curve. Concretely, let L be the line sub-bundle of W 
so that the fiber over (u, (x,y,t)) G D x Uor is the line £(u,x) and 
let L be the quotient line sub-bundle of W. The bundle L is a-Holder 
transversely C k , so G restricts to an a-Holder transversely C k metric 
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on L, which we simply call G. Since each p u is convex Anosov with 
limit map £ u , the flow {^ijtgR preserves L and is contracting on L. 
For each t, we let k t : D x — >■ R, be defined by 

= k t G. 

Since G is a-H6lder transversely C k , so is fcj. 

We may generalize the construction in the proof of Lemma 5.3 to 
establish: 

Lemma 8.12. The line bundle L admits an a-Holder transversely C k 
metric G° such that there exists (3 > so that 

V* t (G°) < e-^G° 

for all t > 0. 
Concretely, 

G° = J ° e^* s (G)ds = (J ° e Ps k s ds^j G 
for some t > 0. Moreover, 

**t(G°) = J° e^* s+t G ds = (£ e^ks+t dts^j G. 

So, = K t G° where 

= C ^s+t ds = y f^eP'k. ds 
' f ° eP'K ds J t0 eP a k a ds ' 

Let g : D x U r x R be given by g(-, t) = log K t {-). By construction, 
g is differentiate in the t coordinate. Then, let 

/ : D c x U r xl->I 

be given by 

/M = !<■,.). 

We can differentiate the equality 

+ = g($.(-),t) + g(;s) 
with respect to t and evaluate at t — to conclude that 

f(.,s) =/($.(■), 0). 

In particular, for any t, 

\/($ s (-),0)d S = ^(-,t). 
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Let 7 G T and let x G Uor be a point on the periodic orbit associated 
to 7 (which is simply the quotient of (7 + ,7~) x K C Uor). For all 
u G D, we define /„ : U r — > R by 

fu(x) = f(u,x,0). 

If t 1 is the period of the orbit of containing x, then 

e /o* 7 /u(*.(«.*))d*G (a;,u) = $* h G°(u,x) = e A{p -^G°(u,x), 
so ^ 

f u ($ s (u, x))ds = A(p u , 7) 





is the period of the reparameterization of the flow Uor by f u . Since 
the periods of the reparameterization of Uor by f u and the periods of 
U Pu T agree (see Froposition 5.1), Livsic's Theorem 7.2 implies that the 
reparameterization of Uor by f u is Holder conjugate to U Pu T as desired. 

To complete the proof, we must establish the regularity of the family 
{fu}ueD- Notice that 

9 . dK t . . o , e ^^ (-)-l 



/«(•) = ^log^(-)|t=o = -^(-,0) = -/? + 



dt b IWII " U fit v ' 7 " J to e^ s (-)d S ' 

So, if we define / : D x UoT — > M, by f(u,x)) = f(u,x,0) = f u {x) 
we see that / is a-H6lder transversely C k , since each k t is a-Holder 
transversely C fc . Lemma 8.10 then implies that the map from D to 
C Q (Uor,M) given by u — >■ /„ is C^'^ 1 . This completes the proof of 
Froposition 8.2 in the C k setting. 

8.3.2. The real analytic case. Let {p u : T — > SL m (]R)} ue o be a real an- 
alytic family of convex Anosov representations. In order to show that 
the map u — > f u is real analytic, we must again complexify the situa- 
tion. Let D c be the complexification of D. We may extend {p u }ueD to 
a complex analytic family {p u : Y — > SL m (C)} u£D c of homomorphisms. 
Theorem 8.3 implies that, after possibly restricting D c , there exists a 
a-Hdlder transversely complex analytic map 

£:D c x d^T -> G c /P c = CP(m) 

such that if u G -D c , then p n is Anosov with respect to the parabolic 
subgroup P c which is the stabilizer of a complex line with limit map 
£ u . (We call such representations complex convex Anosov.) 

We construct a Lipschitz transversely complex analytic C m -bundle 
W c over D c x U r which is the quotient of W c = D c x U^f x C m 
associated to the family {p u } U €D c - We can then lift the Gromov ge- 
odesic flow on UqF to a Lipschitz transversely complex analytic flow 
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{&t}teR on W € . Since the functions in the partition of unity for our 
trivializations of W c are constant in the the D c direction, we have: 

Proposition 8.13. After possibly further restricting D c , the bundle 
W c is equipped with a Lipschitz transversely complex analytic 2-form 
oj of type (1,1) such that 



G(u, v) = oj(u, v) + u(v, u), 

is Hermitian. 

Let L c be the (complex) line sub-bundle of W c determined by £, 
i.e. L c is the quotient of the line sub-bundle of W c whose fiber over 
(w, (x,y,t)) G D c x U r is the complex line £„(x). Then, L c is a a- 
Holder transversely complex analytic line bundle over D c x Uor. Since 
each p u is complex convex Anosov with limit map L c is preserved 
by the flow {\I/t}t e R. We restrict u and G to L c (and still denote them 
by u and G). 

In analogy with the C k case, we will define, for all t, a map k t : D c x 
so that 

^* t G = k t G. 

We will then show that k t is a-H6lder transversely real analytic and 
that the function u — > kt(u, •) from D c to C a (Uor, M) is real analytic. 
Once we have done so we can complete the proof much as in the C k 
setting. 

Since L c is a line bundle, we can consider the function 

a : D c x U r C 

such that 

oj(u, x)(v , v ) = a(u, x)G(u, x)(v, v). 
whenever v is in the fiber of L c over (u,x). Concretely. 

u(v,v) 
2u{cj[v, V)) 

for any non-trivial v in the fiber over (u,x). 

If U is an open subset of U r in one of our trivializing sets, we can 
construct a non-zero section 

V : D c x U ->• L c 

which is a-Holder transversely complex analytic. Then 

u(V, V):D c xU^C 

is a- Holder transversely complex analytic. Lemma 8.10 implies that the 
map from D c to C a (U, C) given by u — > cu(V(u, •), V(u, •)) is complex 
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analytic. Therefore, the map from D c to C a (U, R) given by u — > 
$l(id(V(u, •), ^(w, ■))) is real analytic. It follows that the map from D c 
to C a (U, C) given by u — > a(u, •) is real analytic since 

Since x was arbitrary the map from D c to C a (Uor,C) given by u — )• 
a(w, •) is real analytic. Similarly, a itself is a-Holder transversely real 
analytic. 

If we define, for all t, the map 

h t -.D c x u r C 

so that 

\E^u; = h t u, 

then, we may argue, just as above, that h t is a-H6lder transversely 
complex analytic. Lemma 8.10 guarantees that the map from D c to 
C^(Uor, C) given by u — > h t (u, •) is complex analytic. 

If t e R, 

^G(-) = 2ft(*M0) = 2^(a(-)h t (-)u(-)) = 2M(a(-)h t (-) G(-). 

We define k t (-) = 3t(ah t )(-) and note that ty*G = k t G. Then, k t is a- 
Holder transversely real analytic and the map from D c to C a (Uor,R) 
given by u — > k t (u, ■) is real analytic (since it is the real part of a 
product of a real analytic and a complex analytic function). 

We again apply the construction of Lemma 5.3 to produce an a- 
Holder transversely real analytic metric G° on L such that 

**(G°) < e-^G°. 

for some (3 > and all t > 0, and define, for all t, K t : D c x U r — > R 
so that 

= K t G°. 

We check, just as in the C k case, that 

Jo° e*fc, ds 

Then, for each w £ D c we define / u : \J T — >■ R, by setting 

^/ ^ fl , e^k t0 (-)-l 



fu(-) = ^r(u,-,o) = -p + 



to " £°e^(-)d S ' 

Then, since w — > &t(tt, •) is real analytic for all t, our formula for /„ 
guarantees that the map from D c to C /3 (\JqT, R) given by u — > f u is real 
analytic. Therefore, the restriction of this map to the real submanifold 
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D is also real analytic. To complete the proof of Proposition 8.2 in the 
analytic setting, we argue, exactly as in the C k setting, that if u G D, 
then the reparameterization of l^T by f u is Holder conjugate to U Pu F. 

9. Thermodynamic formalism on the deformation space of 
convex Anosov representations 

In this section, we show that entropy, intersection and normalized 
intersection vary analytically over C(T,m) and construct the thermo- 
dynamic mapping of C(T,m) into the space of pressure zero functions 

on u r. 

9.1. Analyticity of entropy and intersection. Let T be a word hy- 
perbolic group admitting a convex Anosov representation. By Proposi- 
tion 6.8, the Gromov geodesic flow on UoP admits a Holder reparametri- 
sation which turns it into a topologically transitive metric Anosov flow. 
Since the Gromov geodesic flow is only well defined up to reparametri- 
sation, we choose a fixed Holder reparametrisation which is a topologi- 
cally transitive metric Anosov, and use the corresponding flow, denoted 
by ip = {i>t}tm as a background flow on UoP. 

Periodic orbits of the Gromov geodesic flow i[) are in bijection with 
conjugacy classes of infinite order primitive (i.e. not a positive power 
of another element of T) elements of T. This bijection associates to the 
conjugacy class [7] the projection to U r of (7+, 7") x R. 

Let p : r — > SL m (IR) be a convex Anosov representation. By Propo- 
sition 5.1, the geodesic flow (U p r, {4>t}t<=m.) of p is Holder conjugate 
to a Holder reparametrization of the flow {ipt}t£R- Periodic orbits of 
{4>t}tm are in one-to-one correspondence with conjugacy classes of in- 
finite order primitive elements of T. The periodic orbit associated to 
the conjugacy class [7] has period A(p)( r y). 

If p : r — > SL m (M) is convex Anosov, let f p : U r — > M be a Holder 
function such that the reparameterization of UoP by f p is Holder con- 
jugate to U p r. Livsic's theorem 7.2 implies that the correspondence 
p 1 — y f p is well defined modulo Livsic cohomology and invariant under 
conjugation of the homomorphism p. Therefore, we may define 

Kpo) = Hf po ), (39) 
1(A), Pi) = l(f P0 ,f Pl ), and (40) 

J(p , Pl ) = J( /po , /pi ) = ^ill(p , Pl ), (41) 

for convex Anosov homomorphisms po : T — > SL m (M) and p\ : V — > 
SL m (R). These quantities are well defined and agree with the definition 
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given in the Introduction. Proposition 7.3.1 implies that 



h(f po )=hm ilog|J(Ar(po)) 



while equation (32) implies that 




Proposition 8.2 implies that if {p u }u&D is an analytic family of of con- 
vex, Anosov homomorphisms defined on a disc D, then we can choose, 
at least locally, the map u H- f Pu to be analytic. Proposition 7.11 then 
implies that entropy, intersection and renormalized intersection all vary 
analytically. 

Proposition 9.1. Given two analytic families {p u }ueD and {f] v } V £D' 
of convex Anosov homomorphisms, the functions u i— > h(p u ), (u,v) i— > 
I(p u ,r] v ) and (u,v) H- J(p u ,Vv) are analytic on their domains of defi- 
nition. 

Combining Propositions 7.7, 7.8 and 7.10 one obtains the following. 

Corollary 9.2. For every pair of convex Anosov representations p, rj : 
T —> SL m (M) one has 



for every 7 G T. 

Moreover, if {p u } u ^D is a smooth one parameter family of convex 
Anosov representations and {f u }ueD is an associated smooth family 
{fu} °f reparametrisations, then 



If J(p, rj) = 1, then there exists a constant c ^ 1 such that 



Ap(7) c = A,(7) 



dt 2 



t=0 



J(Po,Pt) = 



if and only if 



d_ 

du 



M=0 



(KJu) 



is Livsic cohomologous to 0. 
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9.2. The thermodynamic mapping and the pressure form. If 

p G C(r, m) and f p is a reparametrisation of the Gromov geodesic flow 
giving rise to the geodesic flow of p, we define $ p : — > R by 

$ p (x) = -h(p)f p (x). 

Lemma 7.1 implies that <3> p G P(U r). Let "H(U r) be the set of Livsic 
cohomology classes of pressure zero function, we saw that the class 
of $ p in H(Uor) only depends on p. We define the Thermodynamic 
mapping to be 

_ / c(r,m) ^(u r) 
X: l p ^ [* P ] 

By Proposition 8.2, the thermodynamic mapping is "analytic" in the 
following sense: for every representation p in the analytic manifold 
C(r, m), there exists a neighborhood U of p in C(T, m) and an analytic 
mapping from £7 to 'P(Uor) which lifts the Thermodynamic mapping. 

We use the Thermodynamic mapping to define a 2-tensor on our 
deformation spaces. 

Definition 9.3. [Pressure Form] Let {p u } u& M be an analytic family 
of convex Anosov homomorphims parametrised by an analytic manifold 
M. If z G M, we define 3 Z : M R by letting 

J z (u) = J(p z ,p u ). 

The associated pressure form p on M is the 2-tensor such that ifv,w G 
J Z M, then 

p(v,w) = B 2 z 3 z (v,w). 
Notice that, by Corollary 9.2, the pressure form is non-negative. 

In particular, we get pressure forms on C(T, m) and on C(T, G) when 
G is a reductive subgroup of SL m (R). Since J is invariant under the 
action of conjugation on each variable, these pressure forms descend 
to 2-tensors, again called pressure forms, on the analytic manifolds 
C(r,m) and C(T, G). 

We next observe that tangent vectors with pressure norm zero have 
a very special property. 

If T is a word hyperbolic group, a is an infinite order element of T 
and {pu}u&M is an analytic family of convex Anosov homomorphisms 
parameterised by an analytic manifold M, one may view A (a) as an 
analytic function on M where we abuse notation by letting A(a)(u) = 
A(a)(p u ) denote the spectral radius of p u (ot). 
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Lemma 9.4. Let {p u }ueM be an analytic family of convex Anosov ho- 
momorphims parametrised by an analytic manifold M and let p be the 
associated pressure form. If ' v G T Z M and 



p{v,v) 



0. 



then there exists K G R sitc/i £/iat «/ a is any element of infinite order 
in T, then 

D z log(A(a))(v) = Klog(A(a))(z). 

Proof. Consider a smooth one parameter family {u s } se ^ lt i^ in M such 
that u = z and tto = v. Let p s = p Us and let f s = f Us where /„ is 
a smooth family of reparametrisations obtained from Proposition 8.2. 
We define, for all s G 



-1,1), 



-h{Ps)fs 



By Corollary 9.2, <3>o is Livsic cohomologous to zero. In particular, 
the integral of $o is zero on any ^-invariant measure. Thus for any 
infinite order element a G V one has 

(5 a \$o) = 0. 
By definition, $ s = —h(p s )f Ps and thus 

(<L|$ a > = -% fl )logA(a)(u fl ). 



It then follows that 



0= (s a 



ds 



d{{5 a \$ s ))(x) 



s=Q 



ds 



d(h(p s )log(A(a)(u s )) 



s=0 



Applying the chain rule we get 







( dh(p s 
V ds 



log(A(a)(u a )) + h(p a ) 



s=o; 

It follows that setting 



ds 



dlog(A(a)(tt s 



s=0 



ds 



s=0 



K 



we get that for all a G T, 



D 2 log(A(a))(^)= — 
ds 



d(h( Ps )) 



h(p 



ds 



s=0 



(\og(A(a)(p s )) = Klog(A(a)(z)). 



s=0 



This concludes the proof. 
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10. Degenerate vectors for the pressure metric 

In this section, we further analyze the norm zero vectors for the 
pressure metric. 

Proposition 10.1. Let T be a word hyperbolic group and let G be a 
reductive subgroup of SL m (R). Suppose that {p u : Y — )■ G} u€D is an 
analytic family of convex Anosov G-generic homomorphisms defined 
on a disc D with associated pressure form p. Suppose that v £ T D 
and 

p(v,v) = 0. 

Then, for every element a of infinite order in T, 

D log(A(a))(v) = 0. 

10.1. Trace functions. 

Definition 10.2. We say that a family {f n }neN of analytic functions 
defined on a disk D decays at v £ T Z D if 

lim f n (z) = and lim D z f n (v) = 0. 

We say that an analytic function f has log-type K at v £ T U M, if 

DJog{f)(v) = Klog{f(u)), 

and is of log-type if it is of log-type K for some K . 

The following lemma is immediate. 

Lemma 10.3. Let G be an analytic function that may be written, for 
all positive integers n, as 

G = G n (l + h n ), 

where G n has log-type K and {/i n }neN decays at v £ T U M, then G has 
log-type K . 



Proof. Notice that 

(v) = 

Klog G n (u 



D u log(G)(v) = D u \og(G n )(v) + D u \og(l + h n )(v) 

DuK{v) 
1 + h n (u)' 



We now simply notice the that the right hand side of the equation 
converges to Klog G{u) □ 
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Recall, from Proposition 2.6, that if a is an infinite order element 
of T and p is a convex Anosov representation in C(T, m), then we may 
write 

p(a) = L(a)(p)p(p(a)) + m(p(a)) + } M p{<*)), 

where 

(1) L(a)(p) is the eigenvalue of p(a) of maximum modulus and 
p(p(a)) is the projection on parallel to 6{a~) 

(2) L(a _1 )(p) is the eigenvalue of p(a _1 ) of maximal modulus and 
q(p(a)) is the projection onto the line parallel to 9(a + ), 
and 

(3) the spectral radius of m(p(a)) is less than A(a)(p) for some 
5 = 5(p) G (0, 1) which depends only on p. 

It will be useful to define 

r(p(a)) = m(p(a)) + L / Q -iw n q(p(°0) 

which also has spectral radius less than S l ^A(a)(p). 

If {p M } ue D is an analytic family of convex Anosov G-generic homo- 
morphisms defined on a disc D and a and /3 are infinite order elements 
of T, we consider the following analytic functions on D: 

T(a,P): Tr (p u (a)p u ((3)) 

T(p(a),/3): u i-> Tr(p(p u (a))p u (/3)), 

T(p(«),p(/3)) : u i y Tr(p(p u («))p(p u (/3))). 
T(p(a),r(/3)): Tr(p(p u (a))r(p u (/3))). 
T(r(a),p(/3)): Tr(r(p u (a))p(p u (/3))). 

T(r(«),r(/3)): M k> l>(r(p w (a))r(p w ( / 5))). 



We say that two infinite order elements of Y are coprime if they have 
distinct fixed points in d^T (i.e. they do not share a common power). 
We then have 

Proposition 10.4. Let {p u } u ^D be an analytic family of convex Anosov 
homomorphisms defined on a disc D. If a and (3 are infinite order, 
coprime elements ofT, then 

Ua n (3 n ) 



T(p(a),p(/3))= hm 

n— »oo 

T(p(a), (5) = lim 



>oo |_(a) n L(/3) n 

and 

l(a n (3) 
L(a) n ' 
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Moreover, if 1.(7) has log-type K at v G T U D for all infinite order 
7 G r, i/jen 6oi/i T(p(a), p(/3)) and T(p(a),/3) /iave log-type K at v. 

Proof. First notice that 

T(«",^) = L(aT)(l + 3 n ) 

where 

_ Tr(r(a n /3 n )) 
^ n ~ L(a n ^) ' 
Since r(a n f3 n )(p u ) has spectral radius at most 5(p u ) 2n L(a n f3 n ), and 
5{p u ) G (0,1), lim n ^ 00 5( n (p u ) = for all p u G C(T,m). Since {g n } 
is a sequence of analytic functions, g n decays at v. 
On the other hand, 

Pu(a n (3 n ) = 

L(«) n L(/3) n p(a)p(/3) + L(a n )p(a)r(/3") + L(/3")r(« n )p(/3) + r(a n )r(/3 n ) 

so 

T(a"^ n ) = LK)L(/3rT(p(a),p(/3))(l + ^) 

where 

A L(g")T(p(g), r(/3")) + L(^)T(r( a "), pQfl)) + T(r(g"), r(/3")) 

^ n L(a")L(/3)" 

and again g n decays at v. 
Combining, we see that 

L(«T)(l+3n) 



T(p(«),p(/3)) 



L(a)»L(/3)»(l + $ n )' 
which implies, since limg n = and limg n = 0, that 

l(a n B n ) 

^^) = JtL(SjW 
Moreover, if 1.(7) has log-type X at v for all infinite order 7 G T, then 
G n = L^n^jn has log-type K, being the ratio of log-type K functions 
and we may apply Lemma 10.3 to see that T(p(a), p(/3)) has log-type 
K. 

We similarly derive the claimed facts about T(p(a),/3) by noting 
that 

T(a n ,/3) = L(a"/3)(l + /i n ) 

where 

Tr(rKl)) 
L(a«S) ' 

and that 

T(a",/3) = L(a)"T(p(a),/3)(l + /i n ) 
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where 

% _ T(rW) 
n ~ L(a») 

and applying an argument similar to the one above. □ 
Remark: Dreyer [20] previously established that 

\ A(a)(p)» J 
has a finite limit when p is a Hitchin representation. 

10.2. Technical lemmas. We will need a rather technical lemma, 
Lemma 10.6 in the proof of Lemma 10.7, which is itself the main in- 
gredient in the proof of Proposition 10.1. 

We first prove a preliminary lemma, which may be viewed as a com- 
plicated version of the fact that exponential functions grow faster than 
polynomials. If a s is a polynomial in q variables and their conjugates, 
we will use the notation 

||a s || = sup{|a s (zi, . . .,z g )\ | |^| = 1}. 

Lemma 10.5. Let (fx, ... , f q ) and . . . , 9 q ) be two q-tuples of real 
numbers and let (gi, . . . , g q ) be a q-tuple of complex numbers, such that 

i > h >■■■>/,> o. 

Suppose that there exists a strictly decreasing sequence {yU s } se N of pos- 
itive numbers all less than 1 and complex-valued polynomials {a s } s£ N 
in q variables and their conjugates, such that, for all n G N, 

q oo 

Y,nf;W m9p 9v) = Y.^(as(e md \...,e me «)), (42) 

p=l s=l 

and there exists N such that 

oo 
s=l 

is convergent for all n > N. Then, for all p = 1, . . . , q, 

3%,) = if 9 p E2irQ, 
9 P = if p £2ttQ. 

Proof. There exists r G N, so that, for all i, either r6i G 27rZ or 
r6i G" 27rQ. Equation (42) remains true if we replace (6*i, . . . , 9 q ) with 
(r#i, . . . , r8 q ), so we may assume that either 9i G" 27rQ or 9i G Z. 

Let V be the set of accumulation points of {(e m01 , . . . , e m9q ) \ n G N}. 
We first show that if (zi,...,z g ) G V, then ^(giZi) = 0. This will 
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suffice to prove our claim if p = 1, since if 9i G 27rZ, then z\ = 1 and 
9ft(gi) = 0. If not, any z\ G S* 1 can arise in such a limit, so %t{z\g\) = 
for all Z\ G 5* , which implies that gi = 0. 

So, suppose that {n m } is an increasing sequence in N and {(e mm01 , . . . , e mm6q )} 
converges to (zi, . . . , z q ). Then either 

(1) 

$l(a s (zi,Z2, . . .,z q )) = 

for all s, or 
(2) there exists Sq G N so that 

2lo = 3ft(a S0 0i, z 2 , • • • , Zg)) ^ 0, 

and for all s < s 

S?(a a (zi, z 2 , • • • ,^g)) = 0. 

If (1) holds, then Equation (42) implies 

lim n m U{^ nm6t gi ) + e (n m ) = 0. (43) 

m— >oo 

where 

1 / £ \ n v 



<J / f \ nm 



p=2 

Since, lim™-**, U(e nm6l gi) = U(zigi) and lirn m _>oo e {n m ) = 0, we con- 
clude that St(zigi) = 0. 

If (2) holds, then Equation (42) implies that 

{lis \ nm 

lim njflizig!) + e {n m ) - I -p. \ 2l m (l + ei(n m )) = 



where 

2l m = $t{a so {e inmdl ,e inme \...,e inme «)), 
A m , s = «-( — ) ^(a s (e^,...,e m ^)), and 

oo 



Observe that 



SO 



lim 2L = Sto ^ 

m— >oo 

If m is large enough that |2l m | ^ ||2lo| and n m > AT, then 



|Aw,s| < ^ where B s = ^r\fJ> s \ N \\a s 



THE PRESSURE METRIC FOR CONVEX REPRESENTATIONS 73 

Since lim^^ ffi^ = and V~ B s is convergent, lim^oo ei(n m ) = 

H'SQ 

0. It then follows that the sequence 

1 ( Vs 



is bounded. Thus fi SQ ^ f\ and it follows that ^St(zigi) = 0. 

Once we have proved that 9ft(2i<7i) = for all (zx,...,z q ) G V, 

we may use the same argument to prove that 3?(z2<72) = for all 

(zi, Z2, ■ ■ ■ , z g ) and proceed iteratively to complete the proof for all 

p. □ 

We are now read to prove the technical lemma used in the proof of 
Lemma 10.7 

Lemma 10.6. Let {f p } q p=1 and {0 p } p=1 be 2 families of real analytic 
functions defined on (—1, 1) such that 

1 > hit) >■■■> f q (t) > and 0,(0) = 

Let {g p } q p=1 be a family of complex valued analytic functions defined on 
(-1, 1) so that g q (0) 6l \ {0}. For all neN, let 

F n = l + J2f^(e m ^g p ). 
P =i 

If there exists a constant K such that for all large enough n, 

F n (0) = KF n (0) log(F n (0)). 

Then, f q (0) = 0. 

Proof. Let g(x) = K(l+x)log(l + x). Then g is analytic at 0. Consider 
the expansion 

g{x) = ^2 a ™ %m 

n>0 

with radius of convergence 5 > 0. Notice that there exists N such that 
if n > N, then 

E/ P (°rk(o)i<f- 
P =i 

If n > N, then 
KF n (0)log(F n (0)) = g\J2jp(°) n ^( ein9pi0) 9p^)) 



74 BRIDGEMAN, CANARY, LABOURIE, AND SAMBARINO 

= E a ™(E^(°) n3fJ ( emep(0) ^( )) 

m>0 \p=l / 

If we expand this out, for each g-tuple of non- negative integers rh = 
(mi, . . . , m q ), we get a term of the form 

(n« =1 / p (or*) n ( mi + ' ' ' + m ^ (ui =1 mg P (o)e m ^ 0) r p ) ■ 

v F ' \mi m-i ■ ■ ■ m q J v y 

Let 

h* = (n q p=1 f p (or>>) < i. 

Using the equality 9ft(z(u> + it;)) = 23R(z)5R(w) repeatedly, we may 
rewrite 

mi + ■ • • + m q 
mi m2 ■ ■ • m q 



(U q p=1 (^(g p (0)e me ^) = K(^(e inei(0) , . . . , e in6 " {0) ) 



where is a complex polynomial in q variables and their conjugates. 
With these conventions the term associated to rh has the form 



h^(H^(e mti \...,e m ^)). 

Since the series Ylim ^fh\\^rh\\ is convergent for all n > N, we are free 
to re-arrange the terms. We group all terms where the coefficient 
agrees (of which there are only finitely many for each value of h^) and 
order the resulting terms in decreasing order of co-efficient to express 

oo 

KF n (0) log(F n (0)) = h r MH s (e m0 \ e md ")), 

s=0 

where each H s is a complex polynomial in q variables and their conju- 
gates and {/i s } sG n is a strictly decreasing sequence of positive numbers 
less than 1. Moreover, for all n > N the series 

oo 

X>.i b p*.ii 



s=0 



is convergent. 

On the other hand, 

4(0) = n #» {^ ndp 3p (j p + Mp) j + E fp^ m6p 9 P ) 

where all functions on the right hand side are evaluated at 0. Since 
F n (0) = KF n (0) log(F n (0)) we see that after reordering (and grouping 
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terms whose leading coefficients agree) 



</ 



where each a s is a polynomial functions in q variables and their conju- 
gates and {/i s } se N is a strictly decreasing sequence of positive numbers 
less than 1. Moreover, the series Yl^Li l^sHI*^!! i s convergent for all 
n > N. 

The previous lemma then implies that for all p 

Since g q (0) is a non zero real number, f g (0) ^ and 9 q (0) = 0, we get 
that f q (0) = 0. □ 

10.3. Degenerate vectors have log-type zero. Proposition 10.1 
then follows from the following lemma and Lemma 9.4. 

Lemma 10.7. Let T be a word hyperbolic group and let G be a reductive 
subgroup o/SL m (M). If{p u } u£ o is an analytic family of convex Anosov 
G-generic homomorphisms defined on a disc D and L(a) has log-type 
K at v G T Z D for all infinite order a G T, then K = 0. 

Proof. Notice that if we replace the family {p u } u eD by a conjugate fam- 
ily iP'u = guPuQu^ueD where {g u } u€D is an analytic family of elements 
of SL m (R), then L(a)(p u ) = L(a)(p' u ) for all u G D. Therefore, we are 
free to conjugate our original family when proving the result. 

By Proposition 2.16, we may choose (3 G T, so that p u {[3) is generic. 
After possibly restricting to a smaller disk about z, we may assume 
that p u (f3) is generic for all u G D. We may then conjugate the family 
so that p u ((3) lies in the same maximal torus for all u, we can write 

Pu (/T) = L (/3)> + ^A^(cos(n^)p p + sin(n^)^) + 1 ^ ZI yq, 

where L(j3), L(/3 _1 ), X p , and 9 P are analytic functions of u. 

Choose an infinite order element a G V which is coprime to (3. Propo- 
sition 10.4, implies that, for all n, 

T(p(a),P n ) _ 1+ f 1 WTr(p(p(«))q)) 



L(/3-)T(p(a),p(/3)) \L(flL(J3-i) J \T(p(a), p(J3)) 

+ V ( Xp Ysf>(jn6 p / Tr(p(p(q))p p ) Tr(p(p(a))fe) Y 
^ \W)J V VT(p(a),p(/?)) + T(p( a ),p(/3))/ 
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has log- type K at v, since the numerator has log- type K at v and the 
denominator is a product of two functions which have log- type K at v. 

Since a and /3 are coprime and p is convex Anosov, ®0(a~) = 

]R m , so Tr(p(p(a)), q) 7^ (since p(p(a)) is a projection onto the line 
£(« + ) parallel to and q = q(p(/3)) is a projection onto the line 

£{P )). Similarly T(p(a), p(/3)) ^ 0, since £(/?+) © = K m . 

Let {M s } se (_i ; i) be a smooth family in .D so that uq = z and u = v. 
We now apply Lemma 10.6, taking 

X p {u s ) 



f P (s) 



Tr(p(p ns («))Pp) , , Tv(p(p Us (a))p P ) 



9p[S) VT(p(a), pCS))(u.) Z T(p(«), pCff))( Uj 
if p = 1 , . . . , g — 1, and taking 

/,(«) 



LC9)(«.)LG9-i)(«.)' 
_ Tr(p(p Ms ( a ))q) 

" T(p(a),p(/3))K)' ^ 
9 q (s) = 0. 

We conclude from Lemma 10.6 that f q = 0. Thus 

£>,L(/3)(i;) ■ Lir'm = -L(0)(z) ■ D z L{r l ){v). (45) 
Since L(/3) and L(/3 _1 ) both have log-type at v, we get that 

and ^_g)^ log(L(rl)W) , 46) 

Combining (45) and (46) we see that 

Since log L(/3) > and log L(/3~ 1 ) > 0, this implies that K = 0. □ 



11. Variation of length and cohomology classes 
The aim of this section is to prove the following proposition. 

Proposition 11.1. Let T be a word hyperbolic group and let G be a 
reductive subgroup o/SL m (R). Suppose that rj : D — > Hom(r, G) is an 
analytic map such that for each u G D, r)(u) = p u is convex, irreducible 
and G-generic. If v G T Z D and 



DL(a)(v) = 
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for all infinite order elements a G T, then Drj(v) defines a zero coho- 
mology class in H\JT,g). 

We recall that Dr)(v) defines a zero cohomology class in if 1 ^ (r, g) 
if and only if it is tangent to the orbit Grj(z) in Hom(r, G) C G r . 
As a Corollary of Propositions 10.1 and 11.1 we obtain: 

Corollary 11.2. Let T be a word hyperbolic group and let G be a reduc- 
tive subgroup o/SL m (R). Suppose that r] : D — > C g (T, G) is an analytic 
map and p is the associated pressure form on D. If v G T Z D and 

p(v,v) = 0, 

then Dr)(v) defines a zero cohomology class in H^ z ^(T,q). 

In the course of the proof of Proposition 11.1 we also obtain the 
following fact which is of independent interest. 

Proposition 11.3. Suppose that G is a reductive subgroup o/SL m (R) 
and p G C g (T, G). Then the set 

{DL(a) | a infinite order in T} , 

generates the cotangent space T p C g (T, G). 

Both propositions will be established in section 11.3. 

11.1. Invariance of the cross-ratio. We recall the definition of the 
cross ratio of a pair of hyperplanes and a pair of lines. First define 

MP(m) (4) = e MP(m)* 2 xRP(m) 2 : (<p,v) and (ip,u) spanR" 1 }. 

We then define b : RP(m)( 4 ) ^ R by 

b(<p t i/>,u,v) = . 

(ip\v) {ip\u} 

Notice that for this formula to make sense we must make choices of 
elements in ip, ip, u, and v, but that the result is independent of our 
choices. 

If p is a convex Anosov representation with limit curves £ : c^r — > 
RP(m) and 9 : c^r — > RP(m)*, we define the associated cross ratio on 
dooT^\ as in [33], to be 

b p (x, y, z, w) = b(9(x), 9(y),t(z),Z(w)). (47) 

We first derive a formula for the cross-ratio at points associated to 
co-prime elements. This formula generalizes the formula in Corollary 
1.6 from Benoist [4]. 
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Proposition 11.4. If p : T — > SL m (M) is a convex Anosov representa- 
tion and a and (3 are infinite order co-prime elements of T, then 

L(a n B) 

b p (a-,r,/3 + ,« + )=T(p(a),p(/3))= lim -A— ^. 

Proof. Choose a+ G f (a+), a" e 6 + e and 6" G 0(/3"). 

Observe that 

(a |a + ) 

for all u G M m . In particular, 









a+) (6- 


6+) 



p(/3)p(a)(n) = 7— |7T\ ( Q l M ) 6+ - 

Therefore, 



T(P( a )PW) = gg^g = b > ( a -,r,^,^). 



The last equality in the formula follows immediately from Proposition 
10.4. □ 

As a corollary, we see that if L(a) has log-type zero for all infinite 
order a G T, then the cross-ratio also has log-type zero. 

Corollary 11.5. Let V be a word hyperbolic group and let G be a reduc- 
tive subgroup o/SL m (R). Suppose that {p u : T — > G} ug £> is an analytic 
family of convex Anosov G- generic homomorphisms parametrized by a 
disc D. If L(a) has log-type at v G T Z D for all infinite order a G T, 
then for all distinct collections of points x,y,z,w G d^T, the function 

u ^ b Pu (x,y,z,w), 

is of log- type at v. 

Proof. Suppose that a, (3 G T have infinite order. Propositions 10.4 
and 11.4 imply that h p (a~ , (3~ , (3 + ,a + ) has log-type 0. 

Since pairs of fixed points of infinite order elements are dense in 
dooT^ and £ u and 9 U vary analytically by Proposition 8.1, we see that 

p i-» b p (x,y,z,w), 



has log-type for all pairwise distinct x, y, z,w G d^r. 



□ 
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11.2. An useful immersion. We define a mapping from PSL m (M) 
into a quotient W(m) of the vector space M m+1 of all (m + 1) x (m+ 1)- 
matrices and use it to encode a collection of cross ratios. 

Consider the action of the multiplicative group (M \ {0}) 2 ( m+1 ) on 
M m+1 given by 

(a , ...,a m ,b ,..., b m )(Mij) = (aibjMij). 

We denote the quotient by 

W(m) = M m+1 /(M\ {0}) 2(m+1) . 

Given a projective frame F = (xq, . . . , x m ) for KP(m) and a projec- 
tive frame F* = (X , X m ) for the dual RP(m)*, let 

• Xi be non zero vectors in Xi, such that 

m 

o = X>, ( 48 ) 

i=0 

• Xj be non zero covectors in X{ such that 

= ^X,. (49) 

i=0 

Observe that Xi, respectively Xi, are uniquely defined up to a common 
multiple. Then, the mapping 

fj>F,F* ■ PSL m (M) -> W(m) 

given by 

^F,F* ■ A H- 

is well defined, independent of the choice of and X^. 

Lemma 11.6. The mapping [if,f* is a smooth injective immersion. 

Proof. Since [if,f*{A) determines the projective coordinates of the im- 
age of the projective frame (x , . . . , x n ) by A, ^f,f* is injective. 

Let \i = fiF,F*- Let {A-t}te{-i,i) be a smooth one-parameter family in 
PSL m (R) such that 

A G T Ao (PSL m (R)) and Dfi(A) = 0. 

Let {Xj}te(~i,i) and {x*}t 6( _i ; i) be time dependent families of covectors 
in Xi and vectors xj respectively, and let 

al 3 =Xl{A t {x))). 

If Dfi(A) = 0, then there exists Xi and fij such that 
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Multiplying each X\ by e _A °* and each x\ by e~^ 1 has the effect of 
replacing A, and fij by A, — Ao and fij — fio respectively. Thus, we may 
assume that Ao = /io = 0. 

We now use the normalization (48) and (49), to see that 

m m 
i=l j=l 

On the other hand, since the collections of vectors {aj = 

and {bj = (ai,j)i<i< m } are linearly independent, this implies that A.; = 

fij = for all i and j. □ 

The following lemma relates the immersion /i and the cross ratio. 

Lemma 11.7. Let {xo, . . . , x m } and {yo, . . . , y m } be collections ofm+1 
pairwise distinct points in dooT. Suppose that p : V — > SL m (M) is convex 
Anosov with limit maps £ and 9 and that 

F = (e(xo),...,^(x m )), 
F* = (% ),...,% m )). 

are projective frames for RP(m) and MF(m)* . If a G V, then 

HF,F*{n m {p{a))) = ^ p (yi,z,a{xj),w)\ 

where z and w are arbitrary points in d^T. 

Proof. Choose, for each i = 0, . . . , m, fa G #(?/«) and Vi G £(xj), and 
choose G 9(z) and v G £(w). Then 

fiF,F*(nm(p(a))) = [{</>i\a(Vj))] 

while 

[b p (y h z,a(xj),w)) ■■ 



(</>i\a(vj) 


) (M 


(<i>i\v) (< 


P\v 3 ) 



The equivalence is given by taking Oj = ^^jy and bj = ^ v .y D 

11.3. Vectors with log type zero. Propositions 11.1 and 11.3 follow 
from Proposition 10.1 and the following lemma. 

Lemma 11.8. Let T be a word hyperbolic group and let G be a reductive 
subgroup o/SL m (R). Suppose that r) : D — > Hom(r, G) is an analytic 
map such that for each u G D, rj(u) = p u is convex, irreducible and 
G-generic. Suppose that v G T Z D and that D z L(a)(v) = for all 
infinite order a G T. Then the cohomology class ofT)r)(v) vanishes in 
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Proof. Let {u t }te(-i,i) be a path in D so that uo = z and u = v. Let 
p t = p Ut . By Corollary 11.5, 



d_ 

df 



(b Pt (x,y,z,w)) = 



t=o 



}and {j/o,---,S/m} 



for any pairwise distinct (x, y, z, w) in d^T. 

Lemma 2.12 allows us to choose collections {xq, 
of pairwise distinct points in d^T such that if 

F* = (6 t (y ),...d t (y m )). 

then F and F * are both projective frames. For some e > 0, F t and 
F^ are projective frames for all t G (— e, e). (We will restrict to this 
domain for the remainder of the argument.) We may then normalize, 
by conjugating p t by an appropriate element of SL m (R), so that F t = F 
for all t G (— e, e). 
Let 

Pt = pF t ,F* ° vr m . 

Then, by Lemma 11.7, 

Vt(pt(a)) = [b Pt (xi, z, a(yj), w)\ 
for all a G Y. Therefore, 

d_ 
dt 



p t {pt{a)) = 0. 



t=o 



for all a G T. Notice that if x an d X* are projective frames, then 

Vx,b* x *( A ) = /^x,x*( 5_1 ° A ), 
for all A,B e SL m (R). If we choose C t G SL m (R) so that (C t -1 )*(F t *) 



F *, then 



(MM"))) = ^ 



(MCtPt(a))) 



D^q 



d 
df 



t=o 



(C t o Pt (a)) 



t=o 



(C t o Pt (a)) = 



Lemma 11.6 implies that po is an immersion, so 

dt 

Thus, 

d 



t=o 



Co 



dt 



p t (a) + C o p(a) = 0. 



(50) 



i=0 
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Taking a = id in Equation (50), we see that Cq = 0. Since Co = I, 

d 



dt 



pt{a) = 

t=o 

for all a G T. Therefore the cohomology class of Dr](v) vanishes in 
H^(T , sl m (R)) . Since G is a reductive subgroup of SL m (R), sl m R = 
0©B ± , so ifj w (r,0) injects into H^ [z) (T, sl n (R)). Therefore, Drj(v) 
vanishes in Hh z Jr,$) as claimed. □ 

12. Rigidity results 

In this section, we establish two rigidity results for convex Anosov 
representations. We first establish Theorem 1.2 which states that the 
signed spectral radii determine the limit map of a convex Anosov rep- 
resentation, up to the action of SL m (R), and that they determine the 
conjugacy class, in GL m (R), of a convex irreducible representation. 

Theorem 12.1. [Spectral rigidity] Let T be a word hyperbolic 
group and let p\ : F — > SL m (M) and p2 '■ T — > SL m (R) be convex Anosov 
representations such that 

L( 7 )( Pl ) = L( 7 )(p 2 ) 
for all infinite order 7 G T. Then there exists g G GL m (R) such that 

Moreover, if pi is irreducible, then p 2 = gpig^ 1 . 

We next establish our rigidity result for renormalised intersection. 
We denote by n m the projection from SL m (R) to PSL m (R). If H is a 
Zariski closed subgroup of G, let H° denote the connected component 
of the identity of the group H and Z(V\) its center. 

Theorem 12.2. [Intersection rigidity] Suppose that T is a word 
hyperbolic group and p\ : T — > SL mi (R) and p 2 : T — > SL m2 (R) are 
convex Anosov representations such that 

J(pi,P2) = 1. 

If the Zariski closures G x and G 2 of pi(T) and p 2 (r) are simple, and 
T is the the finite index subgroup of V defined by 

r = rn P r 1 (G?)np^ 1 (G°), 

then there exists a group isomorphism 

g : G?/Z(G?) G°/Z(G°) 

such that 

9°Pi\t = P2\r 
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where Z(Gi) is the center of Gj and pi : T — > Gj/Z(Gj) is the composi- 
tion of pi and the projection from Gi to Gi/Z(Gj). 
If pi ano? p 2 6oi/i irreducible, then 

G°/Z(G°) = vr mi (G°) and p* = ix mi o p 4 . 

Remarks: (1) If G° and G° are simple, but not isomorphic, then The- 
orem 12.2 implies that J(pi,p 2 ) > 1- 

(2) The representations need not actually be conjugate if J(pi, p 2 ) = 1. 
Let p : 7Ti(£) PSL 2 (IR) be a Fuchsian representation. If r m : 
PSL 2 (M) PSL m (R) and r n : PSL 2 (M) -»■ PSL n (R) are irreducible 
representations, with m ^ n, then J(r n o p, r m o p) = 1. 

12.1. Spectral rigidity. Our spectral rigidity theorem will follow from 
Proposition 11.4 and work of Labourie [33]. 

Recall, from Section 11.1, that we defined the cross ratio B of a 
pair of hyperplanes and a pair of lines. Then, given a convex Anosov 
representation p with limit maps £ and 9, we defined a cross-ratio b p 
on Sool^ 4 ) by letting 

b p (x, y, z, w) = b(0(x), %), £H). (51) 

Labourie [33, Theorem 5.1] showed that if p is a convex Anosov rep- 
resentation with limit map £, then the dimension dim (£(8^)) can be 
read directly from the cross ratio b p . (In [33], Labourie explicitly han- 
dles the case where T = ni(S), but his proof generalizes immediately.) 
Consider S% the set of pairs (e, u) = (eo, . • . , e p , uq, . . . , u p ) of (p + 1)- 
tuples in d^T such that ej ^ ^ u and Uj ^ Ui ^ e when j > i > 0. 
If (e, u) G S^, he defines 

Xb ( e > M ) = det(bp(ei,eo,Uj,ito)). 

Lemma 12.3. 7/p : T — > SL m (M) zs a convex Anosov representation, 
then dim (f (door)) = inf{p G N : Xb p = 0} — 1. 

Lemma 4.3 of Labourie [33] extends in our setting to give: 

Lemma 12.4. If pi : V — > SL m (K) and p 2 : T — > SL m (M) are convex 
Anosov representations such thatb pi = b P2 , then there exists g G GL m (M) 
such that g o £i = £ 2 . 

Moreover, if pi is irreducible, then g (ir m o p x ) g^ 1 = ir m o p 2 . 

Proof. Lemma 12.3 implies that 

dim (6(0oor)) = dim (k^r)) = p. 

Choose {x , • • • , x p } C ^ooT so that 

{tiM, • • • , Ci(^p)} and {£ 2 (x ), • ■ • , 
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are projective frames for (fi(door)) and (£2 (door)) (see Lemma 2.11). 

Choose u G £1(20) an d {<fii, ■ ■ ■ , <f P } C (M m )* such that (ft G 
6i(xi) and ifi(uo) = 1- One may check that {pi, ■ ■ ■ ,<p p } is a basis 
for (81 (dooT)) . Complete {ipi, . . . , ip p } to a basis 

#1 = {<£l, • • • > W WK; • • • > ¥m} 

for (M m )* such that ^{(^{d^T))) = for all i > p. For y G d^r, the 
projective coordinates of £i(y) with respect to the dual basis of B\ are 
given by 

r i, \t ( ,\\ 1 r (^I6(y)) to>o) 1 
■ ■ ■ : ^ 6 !/ :... = ...: 7 — rr 7 , r : • • • 

which reduces to 

[b Pl (xi,xi,y,x ), . . . ,b Pl (x p ,xi,2/,x ),0, ... ,0]. 

Now choose Vq G £2(^0) and {^1, . . . ,ip p } such that ipi G #2(2^) and 
^i(^o) = 1- One sees that {^1, . . . , ip p } is a basis of (#2 (door)) . One can 
then complete {^1, . . . , ipp} to a basis 

B 2 = {ipi,--., 1p p , lpp+1, • • • , 1pm} 

for (M m )* such that ^((^(dooT))) = for all i > p. One checks, as 
above, that if y G d^T, then the projective coordinates £2(2/) with 
respect to the dual basis of B 2 are given by 

[b P2 (x 1 ,x 1 ,y,x ), . . . ,h P2 (x p ,xi,y,x ),0, ... ,0]. 

We now choose g G GL m (R) so that gpi = ipi for all %. It follows 
from the fact that b pi (xi, x±, y, x ) = b P2 (xj, Xi, y, x ) for all i ^ p, that 

9 ° 6 = fa- 
Assume now that p\ is irreducible, so that p = m. Lemma 2.11 
implies that there exists a (m + l)-tuple (xq, . . . , x m ) of points in d^T 
such that F = (£x(xo), . . . , £i(x m )) is a projective frame for RP(m) 
and F* = (8i(xo), ■ ■ ■ , 9{x m )) is a projective frame for RP(m)*. Thus, 
using the notation of Lemma 1 1 .7, we have that, given arbitrary distinct 
points z, w G door, 

yUF,F*(vr m (pi(7))) = [b pi (xi,z,7(xj),w] 

Similarly 

^F,F*(9~ 1 ^m(p2(l))g) = ^ 9 F,gF*{^m{p2{l))) = [b p2 (x i7 Z, 7(Xj), w)] 

Thus, since b pi = b P2 , 

vf,f*(pi(i)) = VF,F*(g~ 1 P2( r r)g)- 

Since Hf,f* is injective, see Lemma 11.6, it follows that 

1 = TTm P2- 
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□ 

We can now prove our spectral rigidity theorem: 

Proof of theorem 12.1. Consider two convex Anosov representations p±, p 2 
T — > SL m (R) such that L(7)(p!) = L(7)(p 2 ) for all 7 G T. Suppose that 
a and (3 are infinite order, co-prime elements of T. Lemma 11.4 implies 
that 

b pi {(5 ,a ,a + ,P + ) = hm 

n-*» L(a)(pi) n L(/3)(pi) ?l 

= nm LK/3")(p 2 ) 

n^oo L(aXp 2 )"L(/3)(p 2 )- 

= b p2 (/T,a~,a + ,/3 + ). 

Since pairs of fixed points of infinite order elements of T are dense 
in [22] and b Pl and b P2 are continuous, we see that b Pl = b P2 . 

Lemma 12.4 implies that there exists g G GL m (R) such that g o£ x = 
£ 2 . If pi is irreducible, then Lemma 12.4 guarantees that g (7r. m o p x ) g^ 1 = 
7T m o p 2 , so 

TTm (9 Pig' 1 ) = K m O p 2 . 

Notice that if A and S are proximal matrices such that tt{A) = tt(B) 
and that the eigenvalues of A and B of maximal absolute value have 
the same sign, then A = B. Therefore, if a is any infinite order element 
of T, gp 2 (a)g~ 1 = pi(a). It follows that gp 2 g' 1 = Pi as claimed. □ 

12.2. Renormalized intersection rigidity. In the proof of renor- 
malized intersection rigidity we will make use of the following dichotomy 
for simple Lie groups (see Dal'Bo-Kim [18] or Labourie [36, Prop. 
5.3.6]). 

Proposition 12.5. Suppose that T is a group and that Gi and G 2 are 
connected simple Lie groups. If p± : T — > Gi and p 2 : T — )• G 2 are 
Zariski dense representation, then either 

(1) pi x p 2 : T — > Gi x G 2 is Zariski dense, or 

(2) there exists an isomorphism 

g : G 1 /Z(G 1 ) G 2 /Z(G 2 ) 

such that 

9 Pi = P2 

where Z(Gi) is the center of Gj and pi : V — > Gi/Z(Gi) is the 
composition of pi and the projection from Gj to Gi/Z(G,;). 
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If G is a semi-simple Lie group, let cig be a Cartan subspace of the 
Lie algebra q of G and let be a Weyl Chamber. Let p : G — > be 
the Jordan projection. 

For a subgroup H of G the limit cone of H is the smallest closed 
cone in generated by 

{p(/i) : h G H}. 

Benoist [3] proved that Zariski dense subgroups have limit cones with 
non-empty interior. 

Theorem 12.6. [Benoist] If T is a Zariski dense subgroup of a semi- 
simple Lie group G, then J#r has non empty interior. 

Proof of Theorem 12.2. Let pi : T -> PSL mi (M) andp 2 : T -»■ PSL m2 (M) 
be convex Anosov representations such that J(pi,p 2 ) = 1- Let Gi and 
G 2 be the Zariski closures of pi(T) and p 2 (r). Since each pj has finite 
kernel and each G« has finitely many components, 

r = pr 1 (G?)n P2 - 1 (G°) 

has finite index in T. Therefore, pi|r an d P2|r are both convex Anosov 
(see [24, Cor. 3.4]). Since, by Corollary 9.2, there exists c so that 

A( 7 )(pi) c = A(7)(p 2 ) 

for all 7 6 T, we see that J(pi|r ; P2|r ) — 1- Therefore, it suffices to 
prove the result in the case where Gi and G 2 are connected. 

Let p and r\ be the Jordan projections of Gi and G 2 respectively. 
Notice that, for i = 1,2, since Gi C SL m (IR), where m = max{mi,m 2 }, 
we may choose 

o£. C {(w u w m ) \w 1 >w 2 ---> w m , Wi H \-w m = 0}. 

Therefore, the projections onto the first coordinate pi and 7p are well- 
defined and surject onto (0, oo). For 7 G T, 

^i(pi(l)) = log(A(pi(7)) and r/i(p 2 ( 7 )) = log(A(p 2 ( 7 )). 

Corollary 9.2 then implies that, since J(pi, p 2 ) = 1, there exists c > 
such that 

cpi(pi( 7 )) = ?7i (p 2 (7)) 

for all 7 G T. 

Notice that x a^ 2 is a Weyl chamber for Gi x G 2 and consider 
the linear functional 

$ : a Gl x a G2 R 

so that 

w) = CWi — Ux- 
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Then the limit cone of (pi x p 2 )(T) is contained in the kernel of <3>, so 
has empty interior. Theorem 12.6 then implies that (pi x p 2 )(T) is not 
Zariski dense in Gi x G2, so Proposition 12.5 implies that there exists 
an isomorphism 

g : G 1 /Z(G 1 ) -»■ G 2 /Z(G 2 ) 

such that 

9°h= P2- 

If p\ and P2 are irreducible, then Schur's Lemma implies that Z(Gi) = 
{±7} and Z{G 2 ) = {±/}, so pi = ir mi opj. and the proof is finished. □ 

12.3. Rigidity for Hitchin representations. O. Guichard [25] has 
announced a classification of the Zariski closures of lifts of Hitchin 
representations. 

Theorem 12.7. [Guichard] If p : ni(S) ->■ SL m (R) is the lift of a 
Hitchin representation and H is the Zariski closure of p(-Ki(S)), then 

• Ifm = 2n is even, H is conjugate to either r m (SL 2 (R)), Sp(2n, E) 
or SL 2n (R). 

• If m = 2n + 1 is odd and m/7, £/ien H is conjugate to either 
r m (SL 2 (M)), SO(n,n+l) or SL 2n+1 (R). 

• Ifm = 7, then H is conjugate to either T7(SL 2 (IR)), G 2 , SO(3,4) 
or SL 7 (R). 

where r m : SL 2 (M) — >■ SL m (M) i/ie irreducible representation. 

Notice in particular, that the Zariski closure of the lift of a Hitchin 
representation is always simple and connected. We can then apply our 
rigidity theorem for renormalized intersection to get a rigidity state- 
ment which is independent of dimension in the Hitchin setting. 

Corollary 12.8. [Hitchin rigidity] Let S be a closed, orientable 
surface and let pi G H mi (S) and p 2 G H m2 (S) be two Hitchin repre- 
sentations such that 

J(pi,p 2 ) = 1. 

Then, 

• either mi = m 2 and p 1 = p 2 in % mi (S), 

• or there exists an element p of the Teichmuller space T(S) so 
that pi = r mi (p) and p 2 = r m2 (p) . 

Observe that the second case in the corollary only happens if both 
pi and p 2 are Fuchsian. 

Proof. In order to apply our renormalized intersection rigidity theorem, 
we will need the following analysis of the outer automorphism groups of 
the Lie algebras of Lie groups which arise as Zariski closures of lifts of 
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Hitchin representations. This analysis was carried about by Giindogan 
[26] (see Corollary 2.15 and its proof). 

Theorem 12.9. [Gundogan [26]] Let Out(fl) be the group of exterior 
automorphism of the Lie algebra q. Then, if n > 0, 

(1) If Q = sl2n+2(lR) ; then Out(g) is isomorphic to (Z/2Z)) 2 and 
is generated by X i— >■ —X 1 , and conjugation by an element of 
GL 2n+2 (R). 

(2) If q = s[ 2 n+i(K)j then Out(g) is isomorphic to Z/2Z and is 
generated by X H- —X 1 . 

(3) If q = so(n,n + 1,R), then Out(g) is isomorphic to Z/2Z and 
is generated by conjugation by an element of SI_2n+i(R)- 

(4) If q = sp(2n + 2, R) ; then Out(g) is isomorphic to Z/2Z and is 
generated by conjugation by an element 0/GL 2n +2(R)- 

(5) If q = g 2 then Out(g) is trivial. 

(6) If Q = st20R), then Out(g) is isomorphic to Z/2Z and is gener- 
ated by conjugation by an element o/GL 2 (IR). 

(7) If q = so(n, 1,M), then Out(g) is isomorphic to Z/2Z and is 
generated by conjugation by an element o/GL n+ i(R). 

Let pi : tti(£) PSL mi (R) and p 2 : ni(S) PSL m2 (M) be two 
Hitchin representations such that 

J(Pi,P2) = 1. 

Let Gi and G 2 be the Zariski closure of the images of p\ and p 2 - The- 
orem 12.7 implies that Gi and G2 are simple and connected and have 
center contained in {±/}. 

Theorem 12.2 implies that there exists an isomorphism a : G\ — > G2 
such that p 2 = o~ o p l . If G x is not conjugate to r mi (SL 2 (M)), then 
it follows from Theorem 12.7, that m\ = m 2 = m, and that, after 
conjugation of pi, Gi = G 2 = H so that a is an automorphism of H. 

We first observe that, since H is connected, there is an injective map 
from Out(H) to Out(f)). We now analyze the situation in a case- by-case 
manner using Giindogan's Theorem 12.9. 

(1) If H = PG 2 , then o is an inner automorphism, so p\ = p 2 in 

n 7 (S). 

(2) If H = PSO(n,n+l) or H = PSp(2n, R), a is either the identity or 
the conjugation by an element of PGL 2n +i(R) or PGL 2ri (IR), so p\ = p 2 
in T-i 2n +i{S) or T-L 2n (S). 

(3) If H = SL m (R), then, after conjugation of p\ by an element of 
PGL m (R), cr is either trivial or p 2 = rop 1 where r(g) = transpose((yf _1 ). 
If a is non-trivial, then Corollary 9.2 implies that, using the notation 
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of the proof of Theorem 12.2, there exists c > so that 

c^i(pi(7)) = M(P2(7)) = -/Jm(pi(7)) 

for all 7 G T. Thus, the limit cone of pi(r) is contained in the subset 
of o + defined by 

[u | CUi = —u m }, 

whose interior is empty. However, since pi(T) is Zariski dense, this 
contradicts Benoist's Theorem 12.6. Therefore, p\ = p 2 in T-L m {S) in 
this case as well. 

If Gi is conjugate to r mi (SL 2 (R)), then G 2 is conjugate to r m2 (SL 2 (R)). 
So, after conjugation, there exist Fuchsian representations, r)i : tti(S) — > 
SL 2 (R) and r] 2 : tti(S) ->■ SL 2 (R), such that p x = r mi orjt, p 2 = r mi 0771 
and there exists an automorphism of a of SL(2, R) such that <jor\\ = r\2- 
Case (6) of Giindogan's Theorem then implies that r\\ is conjugate to 
rj2 by an element of GL 2 (R). Therefore, we are in the second case. This 
completes the proof. 

□ 

12.4. Convex projective structures. If T is a torsion-free hyper- 
bolic group, we say that a representation p : V — > PSL(m,R) is a 
Benoist representation if there exists a properly convex subset Q of 
RP(m) such that p(T) acts properly discontinuously and cocompactly 
on Q. (Recall that Q is said to be properly convex if any two points in 
Q may be joined by a unique projective line in Q and Q is disjoint from 
P(V) for some hyperplane V.) Benoist [6, Theorem 1.1] proved that, in 
this case, Q is strictly convex and dQ is C 1 . We recall that Q is strictly 
convex if dfl contains no projective line segments. Benoist [6, Theorem 
1.1] conversely proved that if Q is strictly convex and T C PSL(m, R) 
acts properly discontinuously and cocompactly on Q, then T is word 
hyperbolic. 

In particular, any Benoist representation is the monodromy of a 
strictly convex projective structure on a compact manifold. One may 
define a limit map £ : dT — > dQ and a transverse limit map 9 : dT — > 
RP(m)*, by letting 6(x) = T^dQ. Benoist proved that p is irre- 
ducible, so we may apply Guichard and Wienhard's Proposition 2.9 to 
conclude that p is convex Anosov. 

Benoist [7, Corollary 1.2] (see also Koszul [31]) proved that the set 
B m (T) of Benoist representations of T into PSL(m,R) is a collection of 
components of Hom(r, PSL(m, R)). Let 

B m (r)=S m (r)/PGL(m,R). 

We call the components of B m (T) Benoist components. 
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Benoist [5, Theorem 1.3] proved that the Zariski closure of any 
Benoist representation is either PSL(m, K) or is conjugate to PSO(m — 1, 
We may thus apply the technique of proof of Theorem 12.8 to prove: 

Corollary 12.10. [Convex projective rigidity] If T is a torsion- 
free hyperbolic group, pi,p2 £ B m {T) are Benoist representations and 

J(Pl,P2) = 1, 

then pi = p 2 in B m (T). 



In this section, we assemble the proofs of the results claimed in the 
introduction. Several of the results have already been established. 

Theorem 1.1 follows from Corollary 9.2 and Theorem 12.2. Theorem 
1.2 is proven in Section 12 as Theorem 12.1, while Corollary 1.5 is 
proven as Corollary 12.8. 

Theorem 1.3 follows from Proposition 9.1 and Corollary 9.2. Theo- 
rem 1.10 combines the results of Propositions 5.1 and 6.8. 

The proof of Theorem 1.4 is easily assembled. 

Proof of Theorem 1.4: Consider the pressure form defined on C g (T, G) 
as in Definition 9.3. Recall that by Corollary 9.2 the pressure form is 
non-negative. Moreover, by Corollary 11.2 the pressure form is positive 
definite, so gives a Riemannian metric. The invariance with respect to 
Out(r) follows directly from the definition. 

Proof of Corollary 1.6: Corollary 4.6 implies that every Hitchin com- 
ponent lifts to a component of C g (iTi(S), SL m (R)) which is an analytic 
manifold. Theorem 1.4 then assures that the pressure form is an an- 
alytic Riemannian metric which is invariant under the action of the 
mapping class group. Entropy is constant on the Fuchsian locus, so if 
Pi? Pi £ T(S), the renormalized intersection has the form 
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Wolpert [56] showed that the Hessian of the final expression, regarded 
as a function on T(S), is a multiple of the Weil-Petersson metric (see 
also Bonahon [11] and McMullen [42, Theorem 1.12]). 
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Proof of Corollary 1.7: We may assume that T is the fundamental group 
of a compact 3-manifold with non-empty boundary, since otherwise 
C C (T, PSL 2 (C)) consists of or 2 points. 

We recall, from Theorem 4.5, that the deformation space C C (T, PSI_2(C)) 
is an analytic manifold. Let a : PSI_2(C) — > SL m (R) be the Pliicker rep- 
resentation given by Proposition 3.2. 

If we choose co-prime infinite order elements a and ft of T, we may 
define a global analytic lift 

u : C c (r, PSL 2 (C)) -)• Hom(r, PSL 2 (C)) 

by choosing u;([p]) to be a representative p G [p] so that p(a) has 
attracting fixed point and repelling fixed point oo and p(/3) has at- 
tracting fixed point 1. Then 

A = a o u : C c (r, PSL 2 (C)) Hom(r, SL m (R)) 

is an analytic family of convex Anosov homomorphisms. 

We define the entropy h and the renormalised intersection J on 
C C (T, PSL 2 (C)) by setting 

h([p}) = h(A([p})) and %],W=J(%]).%)])- 

Since u is analytic, both h and J vary analytically over C C (T, PSL 2 (C)) 
and we may again define a non-negative 2-tensor on the tangent space 
TC c (r, PSL 2 (C)) which we again call the pressure form, by considering 
the Hessian of J. 

Let G = a (PS 1.2(C)). Then G is a reductive subgroup of SL m (R). 
If p(r) is Zariski dense, then A(p)(T) is Zariski dense in G, so Lemma 
2.16 implies that p(F) contains a G-generic element. Since a is an 
immersion, 

a* : Hl(r,sl 2 (C)) ^ H l a{[p]) (r, d ) 

is injective where q is the Lie algebra of G. Corollary 11.2 then implies 
that the pressure form on T p C c (r, PSL 2 (C)) is Riemannian if p is Zariski 
dense. 

If p = w([p]) is not Zariski dense, then its limit set is a subset of 
R C C, and the Zariski closure of p(r) is either Hx = PSL(2,R) or 
H 2 = PSL(2,R) U (z -»■ -z)PSL(2,R). Since each is a real semi- 
simple Lie group, Proposition 4.2 then implies that the subset of non- 
Zariski dense representations in C C (T, PSL 2 (C)) is an analytic subman- 
ifold. We then again apply Corollary 11.2 to see that the restriction of 
the pressure form to the submanifold of non-Zariski dense representa- 
tions is Riemannian. 

The pressure form determines a path pseudo-metric on the defor- 
mation space C c (r, PSL 2 (C)), which is a Riemannian metric off the 
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analytic submanifold of non-Zariski dense representations and restricts 
to a Riemannian metric on the submanifold. Lemma 14.1 then implies 
that the path metric is actually a metric. This establishes the main 
claim. 

Theorem 4.5 implies that if T is not either virtually free or virtually a 
surface group, then every p G C C (T, PSL 2 (C)) is Zariski dense. Auxiliary 
claim (1) then follows from our main claim. 

In the case that T is the fundamental group of a closed orientable 
surface, then the restriction of the pressure metric to the Fuchsian locus 
is given by the Hessian of the intersection form I. It again follows from 
work of Wolpert [56] that the restriction to the Fuchsian locus is a 
multiple of the Weil-Petersson metric. This establishes auxiliary claim 
(2). 

Proof of Corollary 1.8: Let a : G — > SL m (IR) be the Pliicker representa- 
tion given by Proposition 3.2. An analytic family {p u : T — > G} u£ m of 
convex cocompact homomorphisms parameterized by an analytic man- 
ifold M, gives rise to an analytic family {a o p u } ue M of convex Anosov 
homomorphisms of T into SL m (R). Theorem 1.3, and Corollary 3.5 
then imply that topological entropy varies analytically for this family. 
Results of Patterson [45], Sullivan [54], Yue [57] and Corlette-Iozzi [17] 
imply that the topological entropy agrees with the Hausdorff dimension 
of the limit set, so Corollary 1.8 follows. 

Proof of Corollary 1.9: Given a semi-simple real Lie group G with finite 
center and a non-degenerate parabolic subgroup P, let a : G — > SL m (M) 
be the Pliicker representation given by Proposition 3.2. Then H = a(G) 
is a reductive subgroup of SL m (IR). 

We will adapt the notation of Proposition 4.3. Let 

£(r;G,P) = Z(r;G,P)/G 

where Go is the connected component of G. Then, Z(T; G, P) is a finite 
analytic manifold cover of the analytic orbifold Z(T; G, P) with covering 
transformations given by G/G , see Proposition 4.4. Since G° acts freely 
on Z(T; G, P), the slice theorem implies that if [p] G Z(T; G, P), then 
there exists a neighborhood U of [p] and a lift 

ft:U-> Z(T; G, P) C Hom(r, G). 

Then u = a o ft is an analytic family of H-generic convex Anosov ho- 
momorphisms parameterized by U. The Hessian of the pull-back of the 
renormalized intersection gives rise to an analytic 2-tensor, again called 
the pressure form, on TU. Suppose that v G T Z U has pressure norm 
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zero. Then Corollary 11.2 implies that Duj(v) is trivial in H*,JF,tf) 
where t) is the Lie algebra of H. Since a is an immersion, 

a,:flj w (r )fl )-^fl-i w (r,w 

is an isomorphism. Since /3* identifies T Z U with HhJF, g) this implies 
that v = 0, so the pressure form on TU is non-degenerate. Therefore, 
the pressure form is an analytic Riemannian metric on Z(Y\ G, P). Since 
the pressure form is invariant under the action of G/Go it descends to 
a Riemannian metric on Z(T; G, P) This completes the proof. 

14. Appendix 

We used the following lemma in the proof of Corollary 1.7. 

Lemma 14.1. Let M be a smooth manifold and let W be a submanifold 
of M. Suppose that g is a smooth non negative symmetric 2-tensor g 
such that 

• g is positive definite on T X M if x G M\ W , 

• the restriction of g to T X W is positive definite if x G W . 

Then the path pseudo metric defined by g is a metric. 

Proof. It clearly suffices to show that if x G M, then there exists an 
open neighborhood U of M such that the restriction of g to U gives a 
path metric on U. If x G M\W, then we simply choose a neighborhood 
U of x contained in M \ W and the restriction of g to U is Riemannian, 
so determines a path metric. 

If x G W we can find a neighborhood U which is identified with a ball 
B in W 1 so that WnU is identified with Bn(R k x {0 n ~ fc }). Possibly after 
restricting to a smaller neighborhood, we can assume that there exists 
r > so that if v G T Z B and v is tangent to ~R k x . . . , z n )}, then 

g(v,v) > r 2 ||f|| 2 , where \\v\\ is the Euclidean norm of v. If z,w G B, 
z w and one of them, say z, is contained in M \ W, then g is 
Riemannian in a neighborhood of z, so du, g (z, w) > where du, g is the 
path pseudo-metric on U induced by g. If z, w G W, then the estimate 
above implies that du >g (z,w) > rd B (z,w) where ds is the Euclidean 
metric on B. Therefore, du, g is a metric on U and we have completed 
the proof. □ 
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